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ABSTRACT 

The connection between Rational Conformal Field Theory (RCFT), N = 2 
massive supersymmetric field theory, and solvable Interaction Round the Face 
(IRF) lattice models is explored here. Specifically, one identifies the fusion rings 
with the chiral rings. The theories so obtained are conjectured, and largely shown, 
to be integrable. A variety of examples and the structure of the metric in moduli 
space are given. The kink scattering theory is given by the Boltzmann weights of 
an IRF model, which is built entirely in terms of the conformal data of the original 
RCFT. This procedure produces all solvable IRF models in terms of projection 
operators of the RCFT. The soliton structure and their scattering amplitudes are 
described. A host of new rational conformal field theories are constructed general- 
izing most, if not all, of the known ones. 
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1. Introduction 



Two dimensional field theories play an important role in the understanding of 
phenomena as diverse as string unified theories, exact quantum field theories and 
a variety of solid state systems. Importantly, such theories offer the possibility of 
exact solvability. There are four related, though different approaches to solvable 
two dimensional physics. These are integrable field theories, solvable lattice models, 
factorizable soliton systems and rational conformal field theories. Our purpose in 
this paper is to establish that all four problems are essentially the same, and that 
solving or classifying one of them, leads to such a solution in all the others. More 
precisely, in the language of category theory, we establish an explicit isomorphism 
between the following four categories. 1) Integrable N — 2 supersymmetric field 
theory. 2) Rational conformal field theories. 3) Solvable fusion interaction round 
the face lattice models. 4) Factorizable soliton systems. The isomorphisms are 
general to all such systems, and in particular cover all the examples known in the 
literature. 

The initial idea is the following conjecture that we set out to estabhsh: all inte- 
grable N — 2 supersymmetric field theories are in one to one relation with rational 
conformal field theories. The mapping of a given RCFT to an A?" = 2 supersym- 
metric field theory is done by the identification of the fusion ring of the rational 
conformal field theory (RCFT) with the chiral ring of the N = 2 supersymmetric 
theory. This is the first isomorphism of categories discussed above, and the key to 
the others. Our purpose in this paper, and in its sequel, ref. [1], is to establish 
this basic theorem. 

The other isomorphisms fit naturally into this picture, and are, in fact, to a 
large extent, evoked by it. The second one maps any given RCFT onto a solvable 
interaction round the face lattice model (IRF). The way this is done is by setting 
the vertex variables of the lattice model to be the primary fields of the RCFT. The 
admissibility condition for the allowed lattice configuration is given by the fusion 
rules of the RCFT, a ~ 6 if, and only if, A^a,a > 0; where a and b are vertex primary 
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fields, a is some fixed primary fields, and A^^^^, is the fusion coefficient (actually, two 
different, horizontal and vertical, admissibility conditions arc eventually used, for 
the general case). The Boltzmann weights need to satisfy the star triangle equation 
(STE) for the lattice model to be solvable, and for them to lead to commuting 
transfer matrices (see, e.g., ref. [2] and references therein). We solve the STE 
relation by letting the Boltzmann weights be the extension of the braiding matrices 
of the rational anomalous field theories. These automatically satisfy the braid 
group relations, and thus the STE at the extreme UV limit, as well as giving 
the correct admissibility relation. We then describe a universal way to introduce 
spectral parameters, using properties of the braiding matrices of RCFT and, in 
particular, the fact that they obey the n'th order braid algebra introduced here, 
which generalizes the A type Hecke algebra, (which corresponds to n = 2). The 
Boltzmann weights are given by projectors onto each eigenvalue times a universal 
function which depends only on the conformal dimensions. All the known solvable 
IRF models (in the trigonometric limit) are rederived by this mapping, along with 
a considerable number of new ones. This gives also a unified formulation for IRF 
models, and a way to treat them using RCFT methods. 

From a solvable IRF model we build an integrable sohton system by letting 
the vacua stand for the vertex primary fields, and letting the solitons stand for the 
primary fields appearing in the admissibility conditions. The Boltzmann weights 
then become essentially the soliton scattering amplitudes (up to factors ensuring 
unitarity and crossing symmetry, which are described in general), and the spectral 
parameter becomes the relative rapidity of the scattered solitons. This type of map 
was established before on a case-by-case basis (for a review see, e.g., ref. [3]) and 
is described here, in general. 

The STE relation then implies the crucial factorization equation ref. [4], which 
ensures the integrability of the soliton scattering theory. Thus we find a unique 
way (up to, so called, CDD ambiguities) to map any solvable IRF model onto any 
integrable soliton system, recovering, in particular, all the known soliton systems. 
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Finally, the soliton systems described here are in fact the solutions to the 
massive N = 2 supersymmetric field theory based on any given RCFT (up to a 
trivial duplication of solitons required for super symmetry), thus giving the last 
isomorphism, along with the solution for the particle content of the theories, and 
their scattering amplitudes. 

This completes the circle of categorical isomorphisms, establishing that all 
the four categories are equivalent. Further, various operations, such as fusion 
(IRF), fusion (RCFT) and Bootstrap (RCFT), are category morphisms, i.e., they 
commute with the isomorphisms, or in physical language, are equivalent to each 
other, under the aforementioned maps. Another example is the quotient procedure 
(orbifoldization) in RCFT, versus that in IRF models [5]. Yet another example, 
is the transition to an extended algebra in RCFT, versus the folding procedure in 
IRF models (e.g., refs. [6, 3]). This ensures the consistency of the entire picture. 

The original conjecture about the integrability of iV = 2 massive theories is 
then verified by a thermodynamic Bethe ansatz calculation of the algebraic central 
charge, along with a calculation of the metric in moduli space of the N — 2 theory, 
which will be reported in ref. [1], thus proving it. 

The entire work puts together four central physical problems and shows their 
equivalence. Further, it allows the use of methods from one category in another. 
For example, from RCFT data one builds an IRF model, which is then solved to 
give a multiple critical point structure that gives back the full RCFT, solving the 
so called reconstruction 'fantasy' problem of RCFT. 

This paper is organized as follows. In section (2), an introduction to this 
framework is described using as a concrete set of examples the known integrable 
N = 2 models and showing that they all stem from RCFT's. In section (3) the 
connection with metric and kinks is introduced. In sections (4), (5) and (6) new 
rational conformal field theories are introduced, including new types of cosets. 
The conformal data is introduced in sections (4) and (5) and the realizations in 
section (6). The systems generalize all known RCFT systems (with the exclusion. 
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perhaps, of some rational orbifolds) along with providing a host of new ones. In 
sections (7) (the two block case) and (9), the general case, fusion IRF models are 
constructed from their corresponding RCFT theories and the Boltzmann weights 
are explicitly described. In section (8) the graph state IRF case is explored, along 
with a number of examples. In section (10) fusion soliton theories are treated, 
giving their S matrices. Finally, in section (11) we discuss this work, indicating 
also the results that will appear in [1], along with other future directions. 

2. Fusion Scalar Field Theories 

Let us consider the potential, 

m ^ 

V(qi,q2,...,qm)=J2j-^^ri (2.1) 
n=l 

expressed, in terms of the symmetric variables 

Xr^ qh<lh---qir- (2.2) 

il<i2<---<ir 

Here A is the coupling constant. The potential V may be used as a superpotential 
of an iV = 2 scalar field theory, or a Landau-Ginzburg theory. As was discussed 
in refs. [8], for A = 0, this potential describes the hermitian symmetric model 
[10] SU{m + l)/SU{m) x U{1). The perturbation at A 7^ is known to be inte- 
grable, and the solitonic spectrum and S matrices have been found or have been 
convincingly conjectured [11, 12, 13]. 

A closely related set of ideas [8, 9] is the tight connection between fusion po- 
tentials in rational conformal field theory and integrable N = 2 supersymmetric 
models. We would like to examine this class of theories from this particular angle. 
Specifically, we will construct a rational conformal field theory whose fusion ring 
is given by the potential V. We shall then further establish that the rational con- 
formal field theory essentially solves the N — 2 one, and allows one to derive the 
solitonic scattering amphtudes (section (10)). 
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Consider then the potential V, eq. (1), with the couphng set to A = (— 1)"'. 
As was discussed in ref. [8] the points of the variety 

dV 

form a diagonal basis for the fusion ring. We shall denote the solutions of eq. (3) 
by Xi, i = 1,2, ... ,q, and refer to this set of points as the fusion variety. The 
primary fields [p] arc also numbered as p = 1,2, .. .q, and form a basis for the 
fusion ring P[xi]/diV. At the points Xi, the primary fields assume the values [8], 

\p]i^i)-Sl./Sp,,, (2.4) 

where Sp^y is the matrix of torus modular transformations, and "1" denotes the 
unit primary field. 

For the potential V, eq. (1), the fusion variety is readily found via eq. (3), 

q. ^ g2^i(r,-(m-l)/2)/fc^ (2.5) 

where < ri < r2 < . . . < < A; is a monotonic sequence which labels the 
solutions. The Xi are computed by substituting the Qi, eq. (5), into eq. (2). 

We face, the problem of how to define the primary fields. Clearly, this is 
a very special basis for the fusion ring, where the structure constants are non- 
negative integers, and, in which, eq. (4) holds. There is no systematic way of 
doing this, and in fact the same potential may in principle correspond to different 
rational conformal field theories, albeit, no such examples are known*. Thus, we 



-k It is conjectured below that the primary fields basis is the unique one which diagonalizes 
the metric. This is true for all examples in which the metric have been calculated. This 
implies, in particular, that for each potential there is a unique basis of primary fields which 
is consistent, and which can be unequivocally found by calculating the metric (c.f., section 
(3)). 
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essentially need to guess the expression for the primary fields, and then check that 
it is a consistent one. The natural form is a Weyl-type formula, 



h.... .....„]= n.<,te-.,) ■ 

The denominator, being the Vandermonde determinant, can be written also by a 
summation formula 

n(^^-^.)= E IK-ir^Si' (2-7) 

i<j WSSm i 

which shows that the field [0, 1, . . . , m — 1] indeed corresponds to the unit poly- 
nomials, using eq. (6). Here Sm stands for the permutation group of m elements, 
and (—1)^ is 1 (—1) when w is an even (odd) permutation. The polynomials, eq. 
(6), are symmetric functions of the gj, and thus can be expressed in terms of the 
Xi which are the generators of the symmetric polynomials. The matrix S can now 
be computed from eq. (4), 

Sr^-si = ^ y^(^_^^)t«g27ri(ri-(m-l)/2)(s^(i)-(m-l)/2)/fc_ ^2.8) 

\m{k + m)] 2 

It can be verified that this 5" matrix is unitary, S"^ — S, which is required for the 
consistency of the theory. Since S is symmetric in r and s, and further since this 
S matrix obeys eq. (4) above, it follows that the fusion rules defined by S are 
identical to the product of polynomials, eq. (6), along with the relations derived 
from the potential V, eq. (3). Moreover, it can be checked that S'^ = [ST]^ — C, 
where C is the charge conjugation matrix 

= E n ^(^^ + Mi) - ^ + 1)' (2-9) 



w I 



where 5{q) =0 unless q is divisible by /c, and then 5{q) — 1. The sum, eq. (9), is 
over all permutations w. For each primary field p, there is a unique conjugate one 
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p, such that Cp^p = 1, and all other matrix elements of C vanish. Clearly, also, 
= 1. T is the generator of the modular transformation r — > r + 1, which is the 
diagonal matrix 

Tp,g = exp[27r^(Ap - c/24)]6p,g, (2.10) 

where Ap is the dimension of the primary field p. The dimension formula can be 
seen to be 

= ^ Et^^ - ("^ - l)/2]' - ^(^' - + 2)- (2-11) 

i 

The constant c which is the central charge of the Virasoro algebra is 

,= ik-m)im^-l)^^_ (2.12) 
k 

The above formulae for S, T, C, A and c follows directly from consistency with 
respect to the proposed fusion rules. It is shown in the sequel that the fusion 
coefficients are all, indeed, non-negative integers. 

It is convenient to introduce Young tableau notation for the fields in the theory 
by letting the 'signature' series ri — i -\- 1 stand for the width of the i'th row in 
the tableau. See an example in fig. (2.1). It is also convenient to introduce a dual 
notation, where [r^] = (si, S2, ■ ■ ■ , Sfc), Tm < /c+m — 1, and < < s^ + l . . . , < m, 
where Si stands for the height of i'th column in the Young tableau. The relation 
between Sj and rj is, that the series {rj — i + 1} U {sj — 1} is identical to the 
series {0, 1,2, .. . ,max(A;, m)}. Alternatively [sj + i — 1] describes the transpose 
of the young tableau of [rj]. Now, one can write down a Schubert-like calculus 
for the fusion rules of the theory. The generators are the 'fundamental fields', 
y,. = (0, 0, . . . , 0, r) = [0, 1, . . . , m — r, m — r + 2, m — r + 3 . . . , m + 1]. The products 
of the field yr with any primary field in the theory are expressed by the Fieri 
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formula (see, for example, ref. [14]), 



yr(si,S2,...,SA;) = (si,S2,---,Sm)- (2-13) 

Prom the Fieri formula one may derive also a Giambelli formula expressing the 
general primary field as a polynomial in the generators. In fact, the primary fields 
are the usual Schure functions for Sm, and the formula expressing them in terms 
of the generators is the Jacoby-Trudi formula (see, e.g., [15]), 

{si) ^detys,+i-j, (2.14) 

where yo — 1, and = for n > m, by convention. As is well known, there is 
a duality upon the exchange of k and m, which is essentially the transposition of 

Young tableau [15]. This is equivalent to the exchange of — i + 1 with Si. Eq. 
(14), the Jacobi-Trudi, still holds in terms of the generators which are the totally 
symmetric Young tableaux, Zr = (0, 0, 1, . . . , 1), where there are r I's, i.e., 

[ri]^detZr,+i-j, (2.15) 

where Zq = 1 and by convention, = for i < 0. 

Rather than dwell any further on the aforementioned relations, we will directly 
establish a realization of these fusion rules as conformal fields theories, from which 
they will follow. To do so, consider the conformal field theory, 

Uil)mik+m) X SUim)k, (2.16) 



which can be realized as a free boson propagating on a circle of radius ympT+m) 
(for the U(l) part) and a level k SU{m) WZNW theory [16, 17, 18]. The general 
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primary field in the theory is represented by the product 

= g>^^n4>l\Jm.{m^k) ^ (2.17) 

where q is an integer, A is an integrable highest weight at level k of SU(A^), and 
is a primary fields with this weight and highest weight. The dimension of the 
primary fields is 

^^mA(A + 2p)+f (2.18) 

Actually, the theory eq. (16) admits an extended chiral algebra, and we can or- 
ganize the primary fields into representations of this larger algebra. We assume 
that k is an odd integer. Then, we can use as an extended current algebra the 

" m{k+m) 



holomorphic field of integral dimension H — \, Further, we can define the 



extended algebra currents. 



where \r, i = 1,2, . . . ,m, are any of the fundamental weights of SU (m). It can be 
checked that the Jr are holomorphic fields of the integral dimension, 

A, = (2.20) 

The extension of the algebra to include the field if = <l>*^ /, , x implies that the 

^ rn(k+m) 

charge q is defined modulo ■m(k + m), as the fields $^ and ^q^rn{k+m)^ related 
by the appropriate operator product expansion with respect to H. Next, there is a 
requirement that the fields will be local with respect to the new currents Ji. This 
implies that in the operator product Ji{z)^q{w) — ^'^'^^^i^_^_^-^{w){z — w)^ + h.o.t 
only integral values of S are allowed to appear. Here cr'^{X) denotes the external 
automorphism of the extended Dynkin diagrams. Using eq. (18), it follows that 

c(A) = mWm — q modm, (2-21) 

where c(A) mod m is the m-ality of the weight A. In addition, the action, in the 
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operator product sense, of the new currents identifies the fields 



g+r(fc+m)' 



(2.22) 



for any integer r (defined modulo m) . In terms of the Dynkin labels k, defined 
below, the automorphism is 



Let us demonstrate that indeed the conformal field theory SU{m) x U{1) is a 
reahzation of the fusion ring described above. First, note that the central charges 
are indeed identical, since the C/(l) factor contributes the central charge c — 1, 
while SU{m)if has the central charge c = k{m? — l)/{k + m). Shifting k to k — m 
we find that the central charge so obtained is identical to the one found earlier, 
eq. (12). To describe the correspondence between the fields, it is convenient 
to introduce the signature of the Young tableau ti = Yl^^m+l-l ^ j + ^ ~ "where 
i = 2, 3, . . . , m, ti = 0, and where the Ij, j = 1,2, . . . , m—1, are the Dynkin labels of 
the representation; A = /^Aj, where Aj are the fundamental weights. The ti form 
a strictly monotonically increasing sequence, — ti < t2 < ■ ■ ■ < tm < k + m — 1. 
Conversely, any such sequence describes an integrable highest weight at the level 
k. Now, the primary field [r^], defined by eq. (6), uniquely maps to the primary 
field where the signature t is defined as ti — r^+i — ri, and the charge q is given 

Q^J^fi-i, or. 



To prove this equation, we make use of the Weyl character formula to show that 
the S matrix, eq. (8), decomposes into a product of an SU{m) modular matrix, at 
the level k, with a U{1) factor, at the level m{k + m). Denote the weight by A, as 
before. The simple roots of SU (m) are given by — e^+i , where i — 1,2, ... ,111 — 1, 
and the form an orthonormal set of unit vectors. Up to an overall addition of 



a{li, ■ ■■,1m) = (^ - k, h, ^2, ■ ■ ■ , ^m-l)- 



(2.23) 




(2.24) 
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a term proportional to ei + 62 + • • • + e^n, the fundamental weights are given by 
A'' = — Ylr+i ^i- Denoting p = ^ Aj, we find that the weight A + p assumes the 
form 



m 



A + p = - tiCi mod ei + 62 + . . . + em, (2.25) 

i=l 

where ti is the signature of the Young tableau, introduced above. The modular 
matrix for the group G current algebra at the level k can be written explicitly as 

[18], 

1 

= (^_i-jW^2mw{X+p){n+p)/{k+g)^ (2.26) 

where M and M* stand for the long root and weight lattices, respectively, where 
W is the Weyl group of G, which for the Lie algebra SU (m) acts as permutations 
on the ei, and g — m. Substituting the expressions for A and p, eq. (25), we find 

where and Si are the signature sequences for the representations A and p. This 
S matrix is identical to eq. (8), where the only difference is that Xl^i ~ X] -^i 
is required to vanish, in order to describe SU{m) weights. It follows that we can 
factor out this term to get a product of a U{1) modular matrix times an SU{m) 
one, 

S^.,^ = J2 e^'''^r^''^(*)/il'+^) = e^^^5A,M> (2-28) 
peP 

where A and p are the SU{rn) weights with the signatures Vi — ri and Si — si 
respectively, and the U{1) charge is given by = Yli'^i — + This proves that 
we get also the correct fusion rules, making use of eq. (4) (or, alternatively, the 
relation found in ref. [19]). It can be checked that the fusion rules so obtained arc 
precisely those of the SU{m)}^ x ^(l)m(fc+m) with the extended algebra described 
above. The Schubert-like calculus, developed for SU{m) in ref. [8], can then be 
used to derive the full Schubert calculus, eqs. (13,14). 
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Let us turn now to the potential V. Denote by Vm the function, 

Vm^J2^1 + ^2 + --- + qL (2.29) 

expressed in terms of the symmetric variables yr — Xr, eq. (2). A recursion relation 
for V follows from the polynomial equation obeyed by Qi (see the appendix to ref. 
[8]), 

m 

= n(^ - Qi) -X^- 2/1^""' + 1/2^""' + ■ ■ ■ + i-^rVm. (2.30) 

i=l 

Multiplying by X*, and summing over the solutions, qi, implies the recursion rela- 
tion, 

Vm+s - yiVm+s-1 + y2Vm+s-2 + . . . + {-iTymVm = 0. (2.31) 

clearly, Vq — Vi = yi^ V2 = y\ — 2y2, etc. Thus we can use the relation eq. (31) 
to compute the potentials. Another relation that holds for Vm is, 

i ^ . (2.32) 

where denotes, as before the totally symmetric representation, 

Z„ = [0,1,2,..., m-l,m + n]. (2.33) 

Now, the potential of the theory, eq. (1), can be written as 

Vm,k = Vk+m+1 - (2.34) 

where A = (— 1)*""^ is the coupling constant of the perturbation yi. We shall omit 
the indices m and k on Vm^k, where no confusion can arise. The fusion ring is, as 
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usual [8] the ring generated by the yr, r = 1,2, ... ,m, along with the relations. 



dV 



0, or it is the Jacobian variety. 



R 



{divy 



Using eq. (32), the relations can be written as. 



(2.35) 



Zk+m-r = for r = 1, 2, . . . , m - 1, 



(2.36) 



where the Z^s are expressed as polynomials in the i/i variables, which can be 
computed, for instance, using the Jacobi-Trudi, eq. (14). The number of solutions 
to this set of quasi-homogeneous equations, is the product of the degrees of the 
equations, divided by the product of the degrees of the generators, where deg{yr) — 
r, (see, e.g., [20] 



N 



n 



k + m — r 



(2.37) 



Indeed, this is exactly the correct number of the primary fields as defined by eq. 
(6). 

Let us turn, now, to some examples. Consider the case of m = 3, in the notation 
of eq. (1). The potentials Vm, eq. (29), are readily calculated using eq. (31), 

Vo = 3, Vi = yi, 1/2 = yl-y2, V3 = yf-Sym + Sys, V4 = yf-Ayly2 + Ayiys + 2yl, 
V5 = yf — 5yfy2 + 5yiy2 + ^yfy^ — 5y2y3, etc. In the case of A; = 1 we obtain, using 
the Jacobi-Trudi, eq. (14), the following relations. 



Z2^ 



yi 1 
y2 yi 



z/i - y2 = 0, 



(2.38) 



^3 = 



yi 1 
z/2 yi 1 
ys y2 yi 



= 2/1 - 2yi2/2 + ys = 0, 



(2.39) 
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Z4 



yi 


1 








y2 


yi 


1 





ys 


y2 


yi 


1 





ys 


y2 


yi 



yi - 3yiy2 + Syiys + ^2 = +1- 



(2.40) 



It follows that y2 = yf (eq. 38), ya = yf (eq. 39), and = 1 (eq. 40). Thus, 
we recover the fusion ring*, of 5'C/(4)i, R = r^^- Using eqs. (6,24) we can 



write the primary fields as polynomials in yi. We find, yi 





^i\y2 



yl 



ys 



yf 



$3, and indeed the relation yiys 



. $0 



Ai 



(T)0 



1 holds 



(where wc used the external automorphism action, eq. (23)). The central charge 
IS, eq. (12), c = ^ + 1 = 3, i.e., the same value as for 5*^7(4)1. We conclude 
that this theory is equivalent to SU{4:)i. For k — 2, the calculations are slightly 
more involved, and are mostly left as an exercise to the reader. The relations in 
the fusion ring can be written as 



2?/l?/2 



yf 



ys, 



yt-yl- 2/1Z/2 = 0, 

-3yiy| + 2yly2 + 1 = 0. 



(2.41) 



Note that the superpotentials and lead to identical superconformal field theories, 
that is there is the rank-level duality of exchanging m and k. This follows from the usual 
duality of the h.s.s. theory, SU{m + l)k/SU{m) x U{1) of exchanging m with k [10,21], 
which is the A = limit. Further, since the duality entails the transposition of the Young 
tableaux, the perturbation yi is duality invariant (as well as any other perturbation which is 
transposition invariant). Thus, on physical grounds Vj^ Ri V^. Alternatively, one may use 
the duality of the Schubert calculus [15], to prove this from the mathematical viewpoint, 
(or, alternatively, give a physical proof for this duality.) In particular, Vm,k with k = 1 
is dual to Vi^m = q"^^'^ /{m + 2) — q. Since this is the fusion potential of SU{m + 1) 
it follows that all fc = 1 examples give the fusion ring of SU{m. + l)i. In terms of the 
corresponding RCFT's, the duality translates to the equivalence relation of the theories 
SU{n)k ~ SU{k)^n, up to a free boson theory. This is a consequence of the known RCFT 
relationship SU{mk)i w C/(l) x SU{m)k x SU{k)rn, with a particular modular invariant, 
which follows from the decomposition of nk fermions according to flavor and color current 
algebras [22,23,8,24]. Inverting SU{k)m to the other side of this equation, implies the 
duality of exchanging m and — fc. In principal, we could have taken SU{m)]^/.p where p is 
any integer strange to 'm{k + m), leading to the same fusion rules, see section (5). However, 
only the values of p = ±1 are allowed due to time reversal symmetry of the soliton scattering 
amplitudes (c.f. section (10)), and these are equivalent under this duality. It follows that 
the N = 2 LG leads to a unique RCFT, as it should, since the scattering amplitudes are 
built in terms of this particular RCFT braiding matrices (section (7)). 
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Again, yi = $^\y2 = ^2^,113 = there are indeed ten fields, which can be 

expressed as polynomials using eq. (14). For example, yi = 4>^^ ■ = $2'^^ + $2^, 

yi 1 

z/2 yi 



9 \ 

showing that indeed $2 



y? - y2- 



3. Metric and kinks. 

The potential V can be taken to be a superpotential of an N — 2 scalar 
field theory (or a Landau-Ginzburg Wess-Zumino model in two dimensions) refs. 
[25, 26, 27, 28]. The lagrangian of the theory is, 

£ = J K{x,x)d^0d^0 + J V{x)d^0 + c.c., (3.1) 

where the Xi are now N = 2 superfields, V is the superpotential, and X is a suitable 
kinetic term. The resulting theories are the perturbation by the most relevant 
operator of the h.s.s. conformal field theories which are the superconformal cosets 
SU{m + l)/SU{m) x U{1) [8,9]. These massive field theories are known to be 
integrable [11, 12, 13]. Thus we see nicely the connection between the integrability 
of the potential, and the fact that it is the fusion potential of a rational conformal 
field theory, a conjecture that was already addressed in ref. [29]. In a precise form, 
this statement is 

Conjecture: Every rational conformal field theory gives rise to an integrable N = 
2 superconformal field theory, where the chiral algebra of the latter is isomorphic 
to the fusion ring of the former. Further, any N = 2 field theory is integrable if, 
and only if, it originates from some rational conformal field theory. 

Our aim in this paper, and in its sequel [1], is to prove, and establish this 
statement as a theorem. 

The merits of this conjecture is the linking of two hard, yet very different 
problems, i.e., the classification of rational field theories and the study of two 
dimensional integrable systems. 
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The class of examples, discussed in section (2), fits nicely into this conjecture. 
Indeed, the N = 2 theories with the potential eq. (2.1) were the first family of 
integrable N = 2 LG theories to be described. The others were, subsequently, 
studied by directly substituting the known fusion potentials of SU{m)]f [11,13] 
and Cm [29]. Both famihes of theories have been argued to be integrable. Thus, 
the ^U{my family, described in section (2), essentially completes the verification 
of this conjecture for all the known integrable N — 2 theories, and almost all the 
rational conformal field theories for which a fusion potential is known. 

There are more detailed aspects of this correspondence, in part noted in ref. 
[29]. In particular, it was found there, in some examples, that the metric in the 
moduli space of the N — 2 theory is diagonahzed by the primary fields, and so this 
preferred, 'typically rational conformal field theory' basis can be defined entirely 
in the N = 2 context, as the unique basis that diagonalizes the metric. If true, 
in general, this would allow one to construct a rational conformal field theory by 
calculating the metric of the corresponding N = 2 one, a relatively manageable 
task. When the rational conformal field theory is known, it can, on the other hand, 
be used to diagonalize the metric and to make its calculation easier. 

Now, the ground states of the N = 2 scalar theory, eq. (1) are given by the 
minima of the scalar potential, W — \diV\'^, implying, in turn, that diV = 0. 
Recall that, these are precisely the points of the fusion variety, Xp, which are labeled 
by the primary fields p, as explained in section (2). The value of the primary field 
q at the point Xp is, eq. (2.4), [g](xp) = Sp^q/Si^q, where S is the matrix of modular 
transformations. Between some pairs of admissible 'neighboring' vacua p and q, 
there are some interpolating kinks. The following kink structure has been found 
[29] in some examples, using a metric calculation, and as is shown in this paper 
holds in general. The kinks are labeled by some 'fundamental' representations, 
fi. The vacua p and q are connected by the kink /j if, and only if, the fusion 
coefficient A^^ . does not vanish. We are thus led to a complete scattering picture 
for the kink theory, where the S matrices are essentially given by the Boltzmann 
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weights of the interaction round the face theory w 



P Q 



u , where u is the 



r 



s 



relative rapidity of the incoming kinks. This S matrix represents the scattering 
amphtudc of Ks^pKp^q KsrKrq, as will be described in detail in the proceeding 
sections. The Young-Baxter integrability condition for the process is, in turn, 
the star triangle equation (STE) for this Boltzmann weight, which ensures the 
integrability of the lattice model, whose partition function is 



Importantly, all the known integrable lattice models, which have a second order 
phase transition point, can be written as fusion IRF theories. Thus, each such 
model is associated to some unique integrable N = 2 supcrsymmctric theory, 
along with some rational conformal field theory. Explicit examples arc elaborated 
in section (9). In fact, many constructions of integrable lattice models have been, 
in part, based on fusion rules of known rational conformal field theories, refs. [7, 6]. 
Not surprisingly, there is a close relationship between the lattice models and their 
conformal field theory counterparts. For example, the critical theory itself is a 
rational conformal field theory, having more or less the same fusion rules. In the 
case of G = SU{m)k, it was shown [7] to be the coset model x Gi/G^+i. 
Thus, the conformal field theory figure both in the definition of the theory and 
in its solution . Further, certain expectations values in the lattice, the so called 



* The exact relation between the generie fusion IRF model and its multicritical RCFT's is not 
yet resolved in its entirety, as it behooves us to disentangle the full-fledged, i.e. tliermalized, 
lattice model, which will be addressed in ref. [1]. The following 'empirical' rule seems to 
hold. The multi-critical points of the model IRF(0, x, x) are described by the RCFT O as 
perturbed by the field x. Note, however, that there are a number of choices for the RCFT 
O an X which lead to the same IRF model, and one must choose the correct RCFT which 
gives the particular multicritical point. For example, the models lRF{SU{n)k, [n], [n]) (see 
section (8) for more) are described in the ferroelectric regime by the RCFT Gk-i x G\/Gk, 
where G ~ SU{n), perturbed by an operator x = ref. [30]. Since the operator a; is a 
singlet in the Gk-i x Gi theory, it follows that it, essentially, gives back the fusion rules of 
Gk- which gives back the SU{n)k fusion rules. 




(3.2) 
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local height probabilities, expressing the probability of a given lattice site to have 
a certain value, are given directly in terms of the characters of the conformal field 
theory, and obey the same modular transformation properties, an observation made 
in ref. [31]. Thus, we see here a triad between rational conformal field theories, 
integrable superconformal models and integrable lattice models. Our object is to 
show that these are equivalent physical problems. 

Let us examine the family of rational conformal field theories described in 
section (2) for the purpose of verifying the picture drawn above. This is a relatively 
straightforward task, as these conformal field theories describe the simplest family 
of known integrable N — 2 supersymmetric theories. In fact, in essentially all other 
known integrable supersymmetric field theories, this picture was already verified 
[29]. The first question then, is regarding the metric: is it diagonal in the basis 
of the primary fields? To see that this is so, let us recall the calculation of the 
metric refs. [9,29]. Using a change of variables, we can write the superpotential, 
eq. (2.1), as 

^ „fe+i 

1=1 

where A is a couphng constant. For A — > 0, the superpotential V describes the h.s.s. 
theory SU{m + l)/SU{m) x U{1). For A = (-1)"" it is the fusion potential of the 
rational conformal field theory [SU{m)]^ x C^(l)fc(fc+m)]/<^) described in section (2). 
For any A, it is an integrable theory. The metric gx^^ = (A|^) is defined as the 

overlap of the Ramond vacua /i with the one obtained on the left by 'spectral flow'. 
It is the normalization of the chiral flelds, as well as the metric in moduli space. 
The metric obeys the equation [32, 33, 9] 

d{gdg-^) + [V,gV^g-^] = Q (3.4) 

where d = d/dX, and the equation is written in a matrix notation. In ref. [9] 
it was shown that for this family of potentials, the matrix elements gx^^ obey 
an affine Toda equation. We will show that the off diagonal elements vanish in 
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the primary field basis. One computes the solutions using the pullback to the 
decoupling variables qi. The Jacobian, for this change of variables from Xi to the qi 
is the Vandermonde determinant D = Wi^j{qi — qj)- The metric for the potential 
V, in terms of the qi, is of the form 

9U,n,^9{ti-ni) = l[e''^'-'\ (3.5) 

i 

where ti and rii label the primary fields, and are the same labels that were used for 
the U{m) primary fields in eq. (2.6). The functions L{ri) are the solutions of an 
Am Toda equation, where the label the specific boundary condition, determined 
by the behavior of L at the origin, i.e., the metric at the conformal point. The 
metric in the fusion variety basis is given by the fourier components of g{ni — rrii), 

g^^ — Q2ni{tiri+t2r2+...+tmrm)/k^-2ni{sini+S2n2+...+Smnm.)/kg^^^ _ ^^-j g-^ 

Now, pulling back the metric to the symmetric variables, involves two things: 1) 
Multiplying by J{riY J{si)^ where J is the Jacobian for this change of variables, 
which is identical to the Vandermonde determinant. 2) Anti-symmetrizing with 
respect to the permutations of the different Vs. Thus, we find that the metric in 
the fusion variety basis of the U (m) theory is 



9n,s. = JinTAsi) J2 E (-l)"e2--'^^(^) (-l)''e2--^-^« g{U - Ui). 

ti,ni \peSm ) \l^Sni ) 

(3.7) 

Note, that the Vandermonde is essentially the denominator of the Weyl character 
formula, while the permutations correspond to the Weyl group. Hence, the tran- 
sition to the primary field basis is implemented by the matrix S}-^rn/ Sr-fi which is 
the 'Weyl' character of specialized to the points m^, eqs. (2.6, 2.27). It follows 
that we find exactly the orthonormality condition for the Weyl characters, using 
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as a measure the denominator, D = J, 



9U,n. = E ^^9{n; s,) = 5,,,r^. U e'^^^ (3.8) 

<^r;0 <^s;0 



and we proved that the metric is diagonal in the primary fields basis. 

In the primary fields basis, p — [ri,r2, ■ ■ ■ ,rm], the equation for the metric 
assumes the form, 

digpdg-^) + J2 9p+ei9p^ - 9p9p-ei = 0' (3-9) 

i 

where Cj = [0, 0, . . . , 1, . . . , 0]. Note that the combination that appears in the 
equation is the multiplication by y = xmoddiV, according to the Schubert cal- 
culus, cq. (2.13). This equation is solved by the product of Am Toda solutions in 
each of the variables. One still needs to determine the boundary conditions. Un- 
fortunately, the connections between the boundary conditions and the asymptotic 
behavior of the metric at a; — > cxo is not known in general*. However, the result 
of the calculation when done, would show that for A ^ oo the metric assumes the 
form (in the fusion variety basis), 

9r,s - Kf^e-^W''^ (3.10) 

where the fi arc the solitons of the theory, Mf. are their masses, and are 
the fusion coefficients. Since the asymptotic behavior of the metric is dominated 
by the single soliton transitions, refs. [9,29], this shows that, indeed, the fi- 
soliton connects the r and s vacua if and only if A^* > 0, in accordance with the 
precedingly described IRF picture. 



7k- The problem can be analyzed, as usual, via an isomonodroniy problem for a linearized Lax 
pair representation of the equation, which is mathematically straightforward, but was not 
done yet. Alternatively, the equation can be solved numerically. 
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Alternatively, we can study the allowed solitonic transitions of the integrable 
field theories eq. (2.1) directly. The allowed transitions for this class of potentials 
were conjectured in refs. [11, 12, 13]. It was shown there that the Bogomolni lower 
bound for the mass of the solitons interpolating between the Xi and xj vacua is 
given by \V{xi)—V{xj)\, where V is the superpotential. Assuming that the solitons 
are chiral, implies that this bound is saturated. In this case, we can calculate the 
masses of the possible sohtons in the theory. Specializing to the case of m = 1, 
V — ^j-^ — q, we find that the classical ground states are given by qr — e^'^*^/"*, 
and that the mass of the soliton which interpolates the r and s vacua is 

Mrs^\V{qr)-V{qs)\, (3.11) 

and we find for the potential V, in particular, Mj-s — sin[ ^'-^^^-' ]. This is 
precisely the mass spectrum of the Am S-matrices [34] , and it follows that all such 
transitions are allowed, and that the s soliton mediates between the r and r + s 
vacua. In other words, the allowed transitions indeed correspond precisely to the 
fusion rules of the bosonic rational conformal field theory which has V as a fusion 
potential. 

For the potential, eq. (1), with m > 1, one can deduce the allowed transi- 
tions by making the ansatz that the solitonic masses in the theory are identical 
to those that appear for m = 1. This implies that the vacua [ri,r2, . . . ,rm] and 
[ni, n2, . . . , Um] are connected, if and only if, — rii for all i, except for a unique 
s, for which Vg ^ rig, and then they are connected by the t — rs — rig soliton, 
whose mass is Mf — sm{7rt/k). When one draws the connectivity graph of the 
allowed vacua and their connecting solitons, the conjectured polytopes of ref. [11] 
are found, now, reinterpreted as the fusion rules of the corresponding RCFT (for 
more detail, see section (8), which treats such graphs, in general) 

We wish to examine whether this solitonic structure is consistent with the fact 
that these are fusion theories. Straightforwardly, we find that the lowest sohton. 



22 



t = 1, implies the transition, 



P = [n, r2, • • • , Tm] r2,...,rs + l,...,rm]. (3.12) 

s 

which is identical to a fusion by the fundamental field of the rational conformal field 
theory, x — qi + q2 + ■ ■ ■ + qm using the Fieri, eq. (2.13). In other words, the vacua 
p and q are connected by the fundamental soliton if and only if q appears in the 
operator product of x and p. This is, precisely, the afore discussed fusion structure 
of the IRF theories, and is consistent with eq. (10). Indeed the same fusion rules, 
again, describe the theory, and its solitonic structure. The higher solitons are 
mediated by the fields in the theory, which are of the form Xr — ql + q2 + ■ ■ ■ + qm- 
In other words, the p and q vacua are connected by the t soliton if and only if q 
appears in the product of p and Xf- Again this is a fusion structure, albeit, for 
r > 1 the field Xr is not a primary field, but a combination of several ones. We 
conclude that the general framework drawn in this paper is, indeed, verified for 
the class of potentials, eq. (2.1). This completes our voyage through the integrable 
N = 2 supersymmctric theories which have been constructed explicitly to date . 



* There are a number of sporadic examples not covered here. These are the D — E pertur- 
bations found in [35], where the A perturbation is the usual Chebishev SU{2)k one. The 
RCFT correspondence, drawn here, works perfectly for the D and E cases, as well. It can be 
shown that all the A-D-E LG potentials are the fusion potentials of some rational conformal 
theories which are described in [1]. The S matrix of each of the RCFT is, essentially, the 
eigenvalue matrix of the corresponding Cartan matrix. This is consistent with eq. (2.4) and 
the observation made in ref. [35] regarding the locations of the vacua of the LG theories. 
Further, the S matrices of the soliton scattering amplitudes are given by the extension of 
the braiding matrices, as is discussed, in general, in sections (7-10). 
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4. New Rational Conformal Field Theories. 



Our purpose in this section is to introduce a novel class of rational conformal 
field theories, closely related to current algebras, and in particular new type of 
coset conformal field theories. These theories will serve us as a framework in which 
one can further address the questions raised previously. 

Consider the following system of fusion rules: 



with the convention that = 1 and A^^i — Aj^. The rest of the products are 
computed by associativity. The case of = 1 corresponds to the fusion rules of 
(^2)1- It can be checked that this is a consistent set of fusion rules, where every 
field has a unique conjugate, which is itself, (i.e., the theory is real), and the fusion 
rules are fully symmetric when one lowers the index with the conjugation bilinear 
form. Thus, eq. (1) represents a consistent conformal fusion ring. 

Next, we wish to find the table of representations of the fusion algebra (which 
are all one dimensional), as these correspond to the S matrix. Note the similarity 
of these fusion rules to those of the SU{2) current algebra; the only modification 

is in the last condition A^j^i = A]\i instead of Ajv = 0. Thus, again, we represent 
the primary fields as polynomials in = 2 cos where (p is some angle. The 
polynomials are the same Chebishev polynomials of the second kind, which appear 
for SU{2), since the recursion relation, eq. (1) is identical to the SU(2) one [8], 



AiAr = Ar-i + Ar+i 



for 1 < r < AT, 



(4.1) 




(4.2) 



The only additional relation is A^^i = An, which implies 



sin[(Ar + 2)0] = sin[(A^ + l)0], 



(4.3) 
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and is solved to give the points of the fusion variety 

7r(2r - 1) 



2A^ + 3 ' 



where r = 1, 2, . . . , TV + 1, (4.4) 



where we excluded the solution = 0, since it leads to the vanishing of the de- 
nominator, sin (f). Upon a reordering of the primary fields, 

m ^ 1 + (-l)"*m/2 mod(2A^ + 3), (4.5) 

we find that the S matrix of the theory, which, up to a constant, is a table of the 
representations, is 



bi n = = sm 

V2N + 3 



7r(2i-l)(2j-l) 
2A^ + 3 



(4.6) 



where 1 < i.j < + 1. Evidently, 5* is a real symmetric matrix, obeying 
S"^ — SS^ — 1, and thus is physically acceptable. We find the matrix T from 
the consistency relation (ST)^ — 1, 

Ti,,- = e2-^(^^-'=/24)5,,,., (4.7) 

where 

Aj = ^ 4.8 

is the dimension of the ith primary field. The central charge of the theory is 

^ _(_!)« (4.9) 

The dimensions are found modulo an integer, while the central charge, c, is found 
modulo 8. For iV = 1, we find c = 14/5 and A = 2/5, agreeing with the well 
known values for the ((^2)1 current algebra. N — implies that c and A vanish, 
the well known values for a theory with only one primary field [19]. 



25 



Since each of the fields is a Chebishev polynomial in the generating primary 
field Ai, it follows that the fusion ring is described by P[x]/{p{x)), where p{x) 
generates the ideal of relations in the ring, and where x = Ai. The potential of 
the theory, V, is related to phy p — dV /dx , and is 

2 Ar+2 N+1 

V(x) = Y- , (4.10) 

1=1 

where qiq2 — 1 and x — qi + q2- 

The potential V{x), eq. (10), is, hke all fusion potentials generated by one 
conformal field, a massive perturbation of the N = 2 minimal conformal models. 
More precisely, if one takes the superpotential of an iV = 2 LG theory to be W{x) — 
XV{xX^f+^), where A is the coupling constant, then for A = 1, the superpotential is 
identical to the fusion potential, whereas, for A = 0, it reduces to the homogeneous 
part, W oc which is the superpotential of the A'"th minimal model. 

The fusion potential can be written as a difference of Chebishev polynomials 
of the first kind, 

V{x) = - (4.11) 

^ ' N + 2 N + 1 ' ^ ^ 

where Tn{2 cos (f)) — 2 cos(n0). The Chebishev polynomials are Tq — 2, Ti — x and 
obey the recursion relation xTn — Tn+i + Tn-i, from which they can be readily 

3 2 

calculated. For = 1 the fusion potential assumes the form V{x) — ^ — ^ — x+1. 
This potential describes a massive perturbation of the k — 1 minimal model. By a 
shift of X, X — > x + c the potential is seen to describe the most relevant perturbation 
V = x^ — Xx, which is equivalent to a particular sine- Gordon theory, a well known 
integrable model. For = 2, we find the potential V2 = ^ — ^ — x'^ + x + ^, 
which is a perturbation of the second minimal model, and is a theory of one scalar 
field, along with one fermion field. Similarly, one can calculate the potentials for 
higher N. The fusion relation is ^ — 0. For N — 1, it is — x + 1, the well 
known fusion rule of (^2)1- 
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The class of theories described above affords a generahzation to all SU{N), 
for any N > 2. To define the theories, it is convenient to start directly with the 
current algebra SU {N)i^, where k and are mutually strange numbers, {k, N) = 1. 
Recall the external automorphisms of SU(A^), used in section (2). It is well known 
[36, 37, 21] that these are external automorphisms of the fusion ring of G^, for any 
G and k, 

\aii^)^a{X)fi = aiX,fi), (4.12) 

for any integrable highest weights A and /i and for any external automorphism a. 
For SU{N)if where {k,N) — 1 all the external automorphisms act without fixed 
points, i.e., a{X) — X implies a — 1. SU{N)j. is the only group which admits no 
fixed points for a generic k. The level one simply laced groups are the only other 

such examples. Since a is an automorphism of the fusion rules, eq. (12), we may 
consistently identify fields which are related by the action of a, and define the new 
fusion ring R/a. Namely, we define [A] to be the equivalence class of the weight A 
modulo the action of a. We further define the fusion coefficient of such classes by 

[A]x[p]= Yl (4-13) 

mod cr 

where p is the fusion coefficient of SU{N)i^. This definition is consistent, since a 
acts as an external automorphism, eq. (12). Further, the resulting fusion rules are 
acceptable for a conformal field theory. To estabhsh this, note that for {k, N) — 1, 
the A^-ality of a{X) and A differ by one. Thus, every orbit under a contains exactly 
one element of A'"-ality zero (color singlet) which may be chosen as a representative, 
denoted by A. For example, for SU {2)2 there are two orbits represented by 1 
(singlet) and 8 (adjoint). Thus, the new fusion rules may be thought of as a 
restriction of the usual fusion rules to the A^-ality singlet sector. It follows, that 
they represent a fully consistent operator product algebra, where the conjugate of 
each field is the usual one, C\^p — S\^p. Using C to lower the index p, Np\^^ — 
CpoN^i^, we indeed get a fully symmetric three point function NpX/j^. We conclude 
that these are acceptable fusion rules. 
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The S matrix of the theory is given (up to a factor) by the usual S matrix of 
SU{N), eq. (2.26), restricted to the singlet sector, 



5v = ViVS-;"'. (4.14) 

This S matrix is unitary, SS"^ = 1, obeys S"^ = C, and diagonalizes the fusion rules 
eq. (13). To see this, we use the relation 



Sx,aip) = e-2-^<'^5A,p (4.15), 

which is shown by a direct calculation on the S matrix ref. [38]. To prove, for 
example, the relation with the fusion rules we may compute [19] 



St,aSt,bSlc _ sr^ ^'^{t),a^'^{t),b^l{t),c _ ,.c i«n 



proving that the restricted S matrix eq. (14) diagonalizes the restricted fusion 
rules. Similarly, one shows that S'^ = C and SS^ = 1. 

The central charge of the theories is 



^^HN^ — ^ -e(A;,Ar)mod8, (4.17) 
k + N V > y > V / 



where Q{k, N) is an integer defined by the Gauss-type sum. 



N-l 

2me{k,N)/8 ^ J_ ^mn{N-n)/N u Ig) 

n=0 



e 

'N 



The sum, eq. (18), can be computed through the modular properties of the 
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Dedekind's eta function , and is [39] 



e{k,N) ^8S{k,2N) -AS{k,N), (4.19) 
where S{k, N) denotes the Dedekind's symbol, 



N-l 



S{k, N)^J2 - l/2][nk/N - 1/2], (4.20) 

n=l 

and where [x] denotes the fractional part of x, 

[x] = xmod 1, and - 1/2 < [a;] < 1/2. (4.21) 

The dimension of the fields is identical to that of SU{N)f^, restricted to the singlet 
sector, 

A A(A + 2p) 



2{k + g) ' 



(4.22) 



where A is the highest weight, p is half the sum of positive roots and g — N is the 
dual Coxeter number. The matrix T is 

Tx,^ = e2-(^^-'=/24)5A,^, (4.23) 

and obeys the required relation, (ST)^ — C. 

To prove the above relations, and also for instructive purposes, it is convenient 
to describe this class of theories as quotient theories. For (A;, A^) = 1 the action of 
the external automorphisms is faithful (without fixed points) , and thus every weight 
A can be written as A = c"*(A) where a is the generating external automorphism 
(associated to the first fundamental weight, Ai), and where A is a singlet under the 
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center (0 N-ality). Using eq. (15), the S matrix for SU{N)k, can be written as 

'cr"(A),o-'"(/i) ~ '^X,fi'^n,m: 

where S!^ ^ is the matrix 



^rT"(\).n"^(n) ~ ^ih^n,mJ (4.24) 



The matrix 5"^, eq. (25), corresponds to the 5" matrix of a conformal field theory 
with the fusion rules of SU{N)i, but which is a kth power of the usual S matrix. 
Similarly, the dimensions of the fields are 

AS = ^^^^ modi. (4.26) 

The central charge can be computed from the consistency relation (ST)^ — C, 
where C = Sn+m, ^-nd we find, 

c = e(A;,A^)mod8, (4.27) 

where G(fc, N) is given by eq. (19). Clearly, for k = 1, we find c = N — 1 which is 
the central charge of SU{N)i. The fusion relations of the theory are independent 
of k, [n][m\ — [n + m]. The matrix T is, as usual, 

j'k _ ^2iTilkn{N-n)/N-c/24] 28) 

It can be checked that all the usual consistency relations hold. 

For the matrix T of SU{N)if, we find the same tensor decomposition as for S, 

Thus, owing to this tensor product structure, it follows immediately that (ST)^ = 
C, for the restricted theory, as well as giving an alternative proof for all the other 
relations. In view of it, we may think of the the restricted theory as the quotient 
('new coset') model SU{N)k/ SU{N)i/i^, as the center theory is formally SU{N) 
at the rational level 1/k. (See section (5) for more.) 
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Let us explore a few examples of the resulting fusion rings of the quotient 
theories SU{N)k/ SU{N)i/j^. For k = 1 the theories are trivial, and indeed eqs. 
(17,22) imply, c = A = 0. Consider SU{3)2- The only nontrivial product involving 
the singlet representations is [8] x [8] = [1] + [8]. Denoting x — [8], this becomes 
the fusion relation — 1 + x, which is the fusion relation of (G2)i- We conclude 
that 



SC/(3)i/2 ^ ' ' SC/(2)i/3 
(For the explanation of the notation (G2)-i see the next section.) 

The theories described in this section represent new rational conformal field 
theories, and the problem of finding realizations for them is addressed in section 
(6). 



5. General new cosets 

The class of theories described here affords even a further generalization. Con- 
sider the general fusion rules of the current algebra of a group G at the level k. 
These fusion rules are connected an S matrix [19]. However, the relation is highly 
ambiguous and a large number of different theories have the exact same fusion 
rules, but different 5* and T matrices. Let p be any integer which is strange to 
d{k + g), {p,d{k + g)) — 1, where g is the dual Coxeter number, and d is the 
index of M* in M, that is d is the least integer such that dM* C M. (For SU{N) 
d — g — N.) The general S matrix corresponding to the Gk fusion rules is 



qip) 



M* 



{k + g)M 



1/2 

(•_]^jM'g-27ripw(A+p)(/i+p)/(fc+S()_ ^g_2) 



Note S^^j^ is the usual S matrix of Gk, eq. (2.26), while other values of p correspond 
to new S matrices. The following relation ensures that the resulting fusion rules 
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are independent of p 



= (5-2) 



where is some permutation of the integrable highest weights at level k, which 
depends on p, and s{n) = ±1 is some sign. By examining the expression for S, eq. 
(1), we find that h is defined (uniquely) by 

h(iji) + p = pw{iji + p) mod {k + g)M, (5.3) 

where w is some Weyl element, s(/x) = (—1)^, and the fact that this relation holds 
is guaranteed by (p, d{k + g)) — 1. It follows that the fusion rules are 

and thus do not depend on p. It can be shown that the dimension formula for the 
primary fields assumes the form, 

Aa = ^I^^^4#^ modi. (5.5) 

and the central charge of the theory is 

c = 1^ + e(p, k, G) mod 8, (5.6) 



where Q{p,k, G) is an integer defined by 

M 



kM 



1/2 

XeM* mod kM 



Note that this relation holds for any even lattice, not necessarily one which is a root 
lattice of some group, and generalizes to any lattice the gauss sums encountered 
earlier, eq. (4.18), which correspond to SU{N)i. 
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A straight forward calculation shows that the usual relations for the modular 
group hold, (ST)^ = S'^ = C, where C = dx^^ is the charge conjugation matrix. 

The calculation of the generahzed gauss sum, eq. (7), (and the proof of this 
formula) proceeds by observing that this sum is given by specializing the theta 
function 

AeM* 

to the value of r = —p/q + ie, where e is very small. Up to an irrelevant real factor, 

g«e(p,/c,G)/4 ^ QmI— + ie). (5.9) 

The latter expression may be evaluated using various theta functions identities, 
relating it to the multiplier system of the t] function, which is given, in turn, by 
the Dedekind symbols, eq. (4.20). For example, in the case of G = SU{3) we find, 
e(p, k, G) = &{p,l,G) = 8S{p, 6) - 4S{p, 3). The RCFT SU(2)p/g was previously 
discussed in ref. [39]. 

Let us denote the conformal field theories defined above as Gfc/p, as formally, 
at least, they correspond to taking the rational level k/p in the definition of the S 
and T matrices*. 

Although for different values of p the theories have the same fusion rules, 
they are, in fact, different conformal field theories. Such examples are found even 
within standard conformal field theory, e.g., (£^7)1 ~ SU{2)-i, {Eq)i SU{3)-i. 
However, it is a difficult problem to find realizations for the generic conformal field 
theory G^/p^ 

■k We are slightly cavalier, in this notation, about the shift of k ^ k + g, between the bosonic 

and afRne cases. To be precise, Gk/p stands for G(^k+g)/p, in obvious abuse of notation, 
t A possible solution for this stems from the general treatment of the reconstruction 'fantasy' 
problem, described in the sequel. The braiding matrix of Gk/p can be shown to be equal 
to those of Gk with the simple replacement of k + g by (fc + g)/p- Thus, as described in 
sections (7,8,9), a corresponding IRF lattice model can be constructed. A multi-critical 
point of this lattice model would then realize the full RCFT G^/p- 
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The current algebra-type theories described above, admit a simphfication, as 
bosonic (or [/(l)"") theories at fractional levels. A realization for the latter theories 
can be easily contemplated. Consider a theory of / free bosons propagating on the 
/-torus specified by the lattice -s/kM, where k is the level, and M is any even lattice 
of rank I. The vertex operators, which describe the primary fields in the theory, 
are, Vp — exp(ip^/-\/^), where is a canonical free boson, and p is the momenta, 
which takes its values in p e M* mod kM. The partition function for the block 
with a given value of p is expressed as a theta function in the lattice, 

X=p mod kM 

from which one derives the modular transformations, 

Sp,q = e-2-P«/^ (5.11) 

and 

Tp,, = e-'^^'/i^e'^^fVfe^p^^. (5.12) 

These transformations are compatible with the relations S'^ = (ST)^ = C where 
Cp,q — ^p-q-i ^ well as with the fusion rule 

VpXVq = Vp+q. (5.13) 

Now, the point is, that all of the above results remain valid if we define k to 
be any rational number, which is not necessarily an integer, i.e., k = a/b where a 
and b are two strange integers. Substituting this value in the equations for S and 
T we find 

Sp^q = e-s^^^Wft^ (5.14) 

and 

Tp^g = e-^^^/i^e'^^^P'/fc^^^g. (5.15) 
where the central charge is defined by the same Gauss sum encountered earlier, eq. 
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(9), 



c = ©(a, 6, M) mod 8. 



(5.16) 



The realization of these bosonic theories, denoted by M^/^, is treated in the next 
section. 

6. Realizations 

In this section we would like to address the problem of the realization of the 
conformal data systems described earher, i.e., the new 'bosonic' systems, the affine 
theories at fractional levels, and the new quotient type theories, as full fledged 

rational conformal field theories. As we shall show, these systems are interrelated, 
and it will be established that given a realization for the 'bosonic' (thereafter 
referred to as group algebras) systems, the other theories may be realized as well. 

Recall the construction of the group algebra systems. One starts from an 
arbitrary even lattice, M. M is a sublattice of the dual lattice, M*. The primary 
fields are labeled by the momenta p, which are elements of M* mod kM, where k 

is some integral level. The fusion rules assume the usual form, [p\ x [ff] = [p + f^]- 
Note that the fusion rules form the group algebra based on the abelian group 

The S matrix assumes the form. 



oil) _ ^ -2mqpp'/k /^-ix 
P'P' ~ ^fN ' ^ ' 



where q is an arbitrary integer strange to \M* /kM\, which labels the different 
conformal systems, denoted by {q,M). For g = 1 we recover the usual bosonic 
systems based on the lattice M. The conformal dimensions and central charges of 
the group algebra systems are given by eqs. (4.26, 4.27). For notational simplicity, 
we assume that k — 1, without any loss of generality, by redefining the lattice 
M, M ^ \lkM. Thus, we shall, henceforth imphcitly assume that k — unless 
otherwise specified. 
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The key to realizing the group algebras systems is, that while for g = 1 they 
correspond to free bosons propagating on the lattice M, for g 7^ 1 they corresponds 
to free bosons propagating on some other lattice M^, whose rank is given by the 
integral central charge of the theory. In other words, we have the equivalence of 
conformal systems 

{q,M)^{l,Mg). (6.2) 

For example, {-1,SU{2)) fa {1, E7) and {-1,SU{3)) ^ {l,Ee), where we refer to 
the root lattice by the name of the group. To reahze the theory, we construct the 
appropriate lattice M^, for each of the pairs (g, M). The lattice Mq needs to have 
the following properties, 

by a group isomorphism denoted by (f), 0(A) e Mq for any A in M (modulo the 
actions of Mq and M). This insures the correct set of primary fields and their 
fusion rules. Further, it remains only to demand the dimension formula, 

0(A)2 = qX^ mod 2Z, for all A e Mq. (6.4) 

Provided that the lattice Mq obeys the properties eqs. (3,4), it realizes the confor- 
mal system (g, M) described above, as a usual bosonic theory on this new lattice. 
So, for example, SU (2)_i is realized by seven free bosons propagating on the max- 
imal torus of the group £'7. 

Note, that we have the equivalence of reahzations (g, M) f» (gm^, M) for any 
integer m (strange to |M*modM|). This follows from the map of primary fields 
(j){x) = mxmod M, where the strangeness of m ensures that is an isomorphism. 
Consequently, we simply rename the primary fields on the same lattice M. In 
addition, if r is the index of M, i.e., r is the least positive integer such that 
rM* C M, then q is defined modulo r, since the shift g — > g + r does not change 
the S matrix, eq. (1). It follows that g is defined modulo the index r, and up to a 
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multiplication by a square modulo r. In particular, for r which is a prime number, 
this implies that q = ±1 are the only distinct possibilities. 

Now, it is not easy to find, for each such pair {q, M) , a lattice Mq obeying eqs. 
(3,4). However, the abelian nature of the theory, i.e., the fact that all the conformal 
blocks are one dimensional, very strongly suggests that the theory is a free bosonic 
one, and so the lattice Mq exists. The construction of each such lattice resembles 
a well paved mathematical path, not unlike, for example, the construction of the 
Leech lattice. In particular, using the modular properties of the characters on 
this lattice, and using the properties of the principal congruence subgroups of the 
modular group, the characters of the lattice Mq may be fully computed. These, 
in turn, encode the number of vectors on the lattice of any given length. Together 
with the fusion rules, this provides enough information to determine the lattice 
Mq. In what follows, we shall assume that the lattice Mq indeed exists for any pair 
(5, M), and leave systematic determination of such lattices to further work. 

Let us describe now the realizations of the new quotient conformal field theories. 
Consider the theory 

Uk ~ SU{N)k X SU{N)yq, (6.5) 

where SU{N)i/q is realized as explained previously. The primary fields in the 
theory are labeled by the pairs (Ai, A2), where Ai is an integrable highest weight 
of SU{N)k, and A2 is a highest weight of SU{N)i. Alternatively, we may describe 
the fields of the theory as the products 

^ll^G^'H^\ (6.6) 

where G and H are the corresponding primary fields of SU{N)k and SU{N)i/q 
(which are labeled in the same way as those of SU{N)i). 

In this theory, consider the diagonal external automorphisms a = (cri,(j2), 
where ai and (72 are the generators of the external automorphisms of the two 
SU{N)if and SU{N)i. The automorphism a and its powers generate a Zj^ group 
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of external automorphisms, which may be described as the operator product with 
respect to the primary field [38], 



Jr^G^^^H^\ (6.7) 

where is the rth fundamental weight, and G'^ stands for the highest weight field 
A, along with the weight A. Similarly stands for the highest weight field of H. 
More precisely, we have the operator product relation, 

Jr{zr)<^t^Z2) = Kt^liz^ - Z2)'^ + h.0.t., (6.8) 

where the h.o.t. are in the same conformal block, and d — /S.{ar{\r)) + A(a"|-(A2) — 
A(Ai) — A(A2). The dimensions of the field Ji (up to an integer) is 

_ k{N-l) q{N-l) _ {k + q){N-l) 
^ 2N 2N 2N ^ ' ' 

(using cqs. (4.22)). Now, note that wc can select the value of g = —k (where q 
is defined modulo N, for odd A^, and modulo 2A^, for even A^), in which case the 
dimensions A,, all become integers. Thus, for A; = — g the fields Jr are candidates 
for an extended current algebra for the theory, which would include, in addition to 
Jr, the affine current algebras of SU{N)f^ and SU{N)i. We shall denote by O the 
infinite dimensional current algebra generated by the moments of Jr, along with 
the affine Lie algebras. To ensure that C is a symmetry of the theory, it is enough 
to require the locahty of Jriz) with respect to all the fields in the theory. Prom eq. 
(8), the field will be local with respect to all the currents Jr if, and only if, 

c(Ai) + c(A2) = mod N, (6.10) 

where c(A) = A"AA^ is the A^-ality of A. Thus, we impose this condition on the fields 
of the theory, and eliminate from the spectrum all the fields which do not obey eq. 
(10). This results in an O symmetric theory. The fields of the theory, where 
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c(Ai) + c(A2) = 0, are organized into irreducible highest weight representations of 
the algebra (9, i.e., the extended conformal blocks. Since Jr acts on the field via 
the external automorphism dr eq. (8), the primary fields correspond to the pairs 
(Ai, A2), for which c(Ai) +c(A2) = 0, modulo the action of a. As gc(\{k, N) — 1, the 
automorphism d acts faithfully on the pairs (Ai, A2), and from each conformal bock, 
we may choose a unique representative by demanding that c(Ai) = c(A2) = 0. In 
other words, the conformal blocks of the theory are labeled by the A^-ahty singlets 
of SU{N)k, which is precisely what we found for the new cosets defined in section 
(4). The fusion rules of theory Uk are given by 



^o'x^o'-T.Km< (6-11) 

A 

where we used the conservation of A^-ality, c(A) = c(Ai) + c(A2). N^^ are the 
fusion coefficients of SU{N)k, i.e., the fusion rules are simply those of SU{N) 
restricted to the A^-ality singlet sector. Again, these are identical to the fusion rules 
of the new cosets described earher, eq. (4.13). Finally the dimensions and central 
charges are computed using those of each of the component theories, SU{N)if and 
SU{N)i, and are found to be 



^ Ai(Ai + p) gA2(A2 + p) 

k + N N+1 ' ^ ^ 



c = y - e(k, N) mod 8. (6.13) 

k + N ^ ^ ^ 

which, again, are the dimensions and central charges of the new cosets. We con- 
clude that the theories are full fledged conformal fleld theories which realize the 
new quotient systems SU{N)k/ SU{N)i/f.. 

It is straightforward, now, to deduce the character formula, or the one loop 
partition functions, of the theory Uk, by adding up products of characters from 
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each of the ingredient conformal field theories, 

Xilir) = cH^t){r) = Y: 4)''\^)x'{:[%ir), (6.14) 

nmod N 

where X'(^rn)^T) stands for the SU(iV)^ character of the representation with the 
highest weight A, where r is the toroidal modulo, and the characters of SU (iV)(-i/fc) 
arc taken as the characters of the lattice M which realizes them, as explained 
earlier. The 0-point function on the torus is then seen to be 

Z{r) = E x'oirTx'oir), (6.15) 

A 

c(A)=0 

and is modular invariant, as is seen from the unitarity of the S matrix, eq. (4.14). 

Other, non-diagonal invariants are obtained from any invariant of SU{N)]f. 
The partition function then becomes 

Z{r)= J2 ^A,AXA(r)xx(^)*, (6.16) 

A,A_ 
c(A)=c(A)=0 

where A^^^ ^ is any invariant of SU{N) which obeys c(A) = c(A). (For a prime A^, 
all the SU{N) invariants are of this form, up to conjugation of A.) This completes 
the classification of modular invariants for the theories, as they are all of the form 
eq. (16). 

Before proceeding, let us discuss in some detail the case where is a prime 
number. As was mentioned earlier, the realizations of SU{N)i/p and SU{N)i/q 
arc the same conformal field theory, provided that p = m^qmodsN where s = 2, 
for an even A^, s = 1, for an odd A^, where m is an arbitrary integer. For A^ which 
is prime (such that A^ > 2; for A^ = 2, substitute, instead in the sequel, N = 4) 
it is well known, that there are exactly two possibilities for each integer p modulo 
N, p — mod N or p — —m^ mod A^ for some m (since is a finite field this 
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follows from the the basic theorem of algebra on solutions of polynomial equations 
over a finite field, see, for example, ref. [40]). More succinctly put, we may assume, 
that 

.-(^)=±l, (6.17) 

where (;^) is the Legendre symbol defined as 

q\ [+1 q = m^modN, 

-Tr) = S 6.18 
[-1 q^-m^modN. 

The theory with q = ±m^ mod is realized by making the substitution of the fund- 
mental weight Xmr instead of the fundamental weight A^, in the theory SU{N)±i. 
In this case the extended current algebra is generated by the current Ji = 
where H is the corresponding primary field of SU{N)±i, which has the dimension 
(mod Z), 

m-l) m(N-m) 

^ 2N 2N ' ^ ' 

which is an integer. 

The theory with q = 1 can be realized by the usual SU{N)i current algebra, 
while the theory with g = — 1 is realized by its complex conjugate theory, which 
is a theory of 1 — N mod 8 free bosons propagating on some lattice M, such that 
M* X SU{N)l contains an even self dual lattice of the same rank* For example, 
for SU (2) we may choose the root lattice of £'7 and for SU (3) we may choose the 
root lattice of Eq. This utihzes the well known relations of conformal field theory, 

Es ^ SU(2)i X (E7)i ^ SU{3)i x (Eq)i (6.20) 

(for a particular choice of modular invariants), which shows that the modular 
transformations of Eq [Et) are the complex conjugate of those of SU{?>) {SU{2)), 



■k For SU{N)-k it is not hard to find realizations for any N and k, using the decomposition 
of Nk fermions into color and flavor (see the footnote after eq. (2.40)). It follows that 
SU{N)k i=a [SU{k)-N X SU{kN)i, with a particular modular invariant. 
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since Eg is modular invariant (as its root lattice is even and self dual), implying 
that indeed SU{2)_i (^7)1 and 5t/(3)_i ^ {Eq)i. 

Now, since ©(±1, N) — ±{N — 1) mod 8, it follows that the central charge of 
C/jfc for a prime N is 

M^^-l) ^*^(iV-l), (6.21) 



k + N \N 

where (-^) = ±1 is the Legendre symbol, eq. (18). In the case of SU (2) we find the 
two subfamihes of theories, SU{2)k x SU{2)i for /c = -1 mod 4 and c = + 1, 
and SU{2)k x {£7)1 for k = lmod4 and c = ^ + 7. In the case of SU{3) 
the two sequences are, SU{3)fi x SU{3)i for k — 2 mod 3 with the central charge 
c = + 2, and the second sequence SU{3)k x {Eq)i, for k — ImodS, with 
the central charge c = + 6. All theories are defined with the aforementioned 
extended algebras and the restriction on the fields. For k = 1, any A^, the theories 
are always trivial, c = mod 8, while the k = 2 case of SU{2) is equivalent to 
{02)1 and SU{3) is equivalent to the conjugate theory (G'2)-i. Evidently, these 
are full fiedged conformal field theories, related to current algebras. 

Let us return now to the general case. Owing to the structure of the theory 
(up to the restriction on the fields) as a product of current algebras, 

^^^l{z)=G^^{z)H^-{z), (6.22) 

where G'^^{z) is the corresponding field in SU{N)i., and similarly H is the appro- 
priate bosonic operator, the correlation functions on the sphere are immediately 
calculated to be, 

(n*t^(^0) = ([lG^{zi))([lH^{z^), (6.23) 

i i i 

where we have reinserted the 'magnetic' quantum numbers and u which are 
weights in the representations of the corresponding afRne Lie algebras SU{N)k 
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and SU{N)i, and which label the different fields in the corresponding conformal 
blocks^. Since the iV-ality is conserved in each of the component theories, there is 
an exact correspondence of the conformal blocks in the intermediate channels, and 
no 'wrong' cross products, which ensures this relation on the sphere. Note, that 
for higher genus this relation is no longer valid, as we have separate fields flowing 
in the loops, and in particular, the character formula eq. (14), which corresponds 
to the toroidal 0-point function, is not of this form. 

As the foregoing discussion above was slightly abstract, it is useful to illustrate 
one example in full detail. Consider, then, the theory (G2)i ~ SU {2)2 x SU{2)i 
(modulo the extended algebra). This example is closely related to the quotient 
relation SU {2)i = ■, which is a usual coset theory (where SU{2)3 is the 

algebra generated by the short simple root of 6*2 )• According to the previous 
discussion, the extended algebra O is generated by the dimension one currents: 
1) Ja{z) which are the three currents of SU{2)^. 2) Ka{z) which are the currents 
of SU {2)1. (Here a — 3,+,—, are the usual magnetic numbers.) 3) The fields 
^3/2^V2^ where 3/2 and 1/2 are the isospin, and i = ±3/2, ±1/2, and j = ±1/2 
are the magnetic numbers. Counting, we find 14 currents of dimension one, which 
is precisely the dimension of the Lie algebra G2- To see that these currents indeed 
obey the correct operator product relations for the affine algebra (62)1, we may 
use a bosonization technique. We express the SU {2)i fields as 

V2 (6.24) 

H'iUz)^e^M^\ 



t Actually, we need to put in the right moving part, which depend on z, for the full description 
of the theory. According to eq. (15), the torus partition function, the right moving A's 
are the same as the left moving ones, where as right moving /i's and i^'s arc arbitrary. 
Alternatively, eq. (23) may be interpreted in the language of conformal blocks (see sect. 
(7)). Since H has only one conformal block per channel, this equation holds for each 
conformal block separately. See eq. (36) for the description of the general situation. 
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and the SU{2)s fields as, 



(6.25) 

0/9 ir<t>(z) „ 



and so 



where '0±2(^)' V'ii ^-iid V'is — 1 denote the corresponding parafermionic fields (for 
explanation and notation see refs. [41,42]), where (f){z) and p{z) are canonical free 
bosons, and where ':' stands for the usual normal ordering. The fields ^'^ — V'-i 
and ■0°2 — V'l correspond to the critical three states Pott's model, and have the 
dimension A = |, [41,42]. The entire content of eqs. (24,25) may be summarized 
in the relation 

0{z) ^ S{z)e''^^^'\ (6.26) 



where 0{z) is any of the twelve currents not in the Cartan subalgebra (which is 
generated by J3 and ^^3), 6{z) = {(^{z) , p{z)) is a vector boson, m is a root lattice 
of the Lie algebra G2, and S{z) = 1 for a long root, and to a parafermion of the 
dimension |, for a short root. Recall from ref. [37] that this is precisely the vertex 
operator construction of the current algebra (^2)1; and thus we have established 
that O ~ (^2)1. Finally, there are exactly seven fields of dimension |, the 4-plet 
$3/2 ^ g3/2jj1/2 ^Yie triplet $0 = ™ ^^e notation of eq. (22). Using the 
same bosonization and vertex operator construction [37] , it follows that this is the 
representation 7 of (^2)1- It is left as an exercise to verify that these fields indeed 
give the correct bosonization of the 7 representation of (^2)1, as described in ref. 
[37]. 

The entire foregoing construction of the new quotient theories can be substan- 
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tially generalized. Consider the theory, 



U^Gk,xGk,x...xGk^, (6.27) 

where G is any Lie algebra, and the ki are the levels which are taken to be arbi- 
trary rational numbers. For k which is not a positive integer, Gj^ stands for the 
reahzations of the affine theories at a fractional level, see section (5). The primary 
fields in the theory are 

$Ai,A2,...,A.(^) = Y[G^'{z), (6.28) 

i 

where are highest integrable weights of the affine Lie algebra G at the level qi 
where ki — qi/pi and gcd(pi, qi) — 1, Now consider the primary field 

Mz)^llGi^\z), (6.29) 

i 

where A is a cominimal fundamental weight of G, i.e., A^^ = 1, where 9 is the highest 
root. The field Ja is a product of primary fields in each of the current algebras. 
According to the fusion rules, eq. (4.12), the field J\ acts on the primary fields of 
the theory as the external automorphism, 

Jl X $'^l'-^2,.-,Ar _ ^a(Al),t7(A2),...,a(Ar)^ (6.30) 

where a is the external automorphism of G associated to the cominimal weight A. 
The dimension of the field Ja is computed from eq. (4.22), 

^A=yE^^' (6-31) 

and is an integer provided that '^ki — d, where d is any integer such that dM* C 
M. We shall henceforth assume that this is the case. Then, Ja{z), for all the 
cominimal weights A, are taken to be an extended currents of the theory. The 
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fusion rules of G imply that the currents Ja, where A is any of the cominimal 
weights, generate a closed operator product algebra, where the fusion rules form a 
group algebra, with a group which is isomorphic to the center of G. The operator 
products of the currents Ja with the rest of the fields follow from the fusion rules 
eq. (4.12), and are 

j^(^^)$Ai,A.,...A(^) ^ ^(^^ _ zY+'^Odiz), (6.32) 

d 

where d is any integer, Od{z) is some field in the conformal block $o"''(Ai)r,<T3(A2),...,as(Ar)^ 
and the dimension S is 

5 = 5;]A(A0-A((7(A0), (6.33) 

i 

as computed from eq. (4.22). It follows that the currents Ja have an abehan {U (1)) 
monodromy with respect to all the fields in the theory and a well defined mutual 
semi-locality exponent which is equal to 5. In particular, we may consistently 
eliminate from the theory all the fields for which 6 is not an integer, keeping only 
fields which are local with respect to all the currents Ja- The theory, so obtained, 
has an extended current algebra, O, which is generated by the affine currents of 
G X G X . . . X G, along with the extended currents, Ja. The blocks of the theory, 
organized with respect to this extended current algebra, correspond to the classes 
of admissible (i.e., integral S, eq. (33), for all the cominimal weights) r-plets 
(Ai, A2, . . . , A,.), modulo the action of a. The characters of the theory are 

x''''''-''' = J2Ilxf''\r), (6.34) 

creC i 

where x^(t) stands for the character of of the representation A^ of the theory G^^., 
in the appropriate realization. The modular invariant toroidal partition function 
of the theory is 

Z=J2 Y[N^^-^ x^''^''-'^^{f)x^'''^^'-'^'^{ry, (6.35) 
Ai,Ai i 

where the sum is over the admissible r-plets (Ai, A2, . . . , A,-), (i.e., S ^integer). 
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taking exactly one representative from each of the cosets modulo the action of 

(i) 

a. N^ -^ are arbitrary modular invariants for each of the sub-theories Gi, such 
that c{Xi) = c(Aj), where c(A) is the value of A under the center of G, or c(A) = 
AmodM/, where M/ is the long root lattice. The diagonal modular invariant 
corresponds to N^\, — x^, when inserted into eq. (35). 

We can still generalize this construction in a number of ways. 

1) We may let C stand for any subgroup of the center, taking only a subalgebra 
of the currents for the extended algebra. 

2) We may choose different groups instead of G in eq. (27), and taking C to 

be any subgroup of a center of the product group ^iG-i, which is (BiC-i, where C-i 
is the center of Gi. In short, G C ©Ci can be any subgroup. For the extended 
currents we take J = Hi -^Ai, where A, is a cominimal weight of Gi, and the r-plets 
(Ai, A2, . . . , Ay.) go over all elements of G. 

3) Note that there are no hmitations on the levels ki, eq. (27), which may be 
any rational numbers. In particular, the construction carries through, even, when 
there are fixed points in the action of a. 

The construction above applies to the cases (1-3), mutatis mutandis, in a 
straightforward manner. It is left as an exercise for the reader to verify this. Albeit, 
there is one difference when two or more of the sub-theories are non-bosonic. This 
is due to the fact that there are more than one conformal blocks in each of the 
sub-theories, and eq. (23) needs to be modified to, 

J^p{zi,Z2,...,Zr) = Xl^Pi,P2,...,p.n-^Pi^^l'^2,...,^r), (6.36) 

Pi i 

where Tp[zi, Z2, ■ ■ ■ , Zr) is the pth conformal block of the correlation function 

{\{sG^'{zs)) in the Gi theory, and 4i ,P2,.--,Pr ^^^6 some coefficients. 

We may actually take any of the Gi to be a free boson theory, or a vector 

— * 

boson (f) propagating on the lattice M at the level k. The primary fields. A, are 
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given by elements of M*/kM. The external automorphisms of the bosonic theory 
are shifts on the lattice, cra(A) = A + a, where A is any primary field, and a is any 
element of M* /kM. Clearly, the external automorphisms form the group M*/kM, 
which may be thought of as the center. For the product theory, <S)iG\.. x B, where 
B stands for the bosonic theory, we find the center group C — ® -j^^- We 
may take any subgroup, H, of this center, H C C. The current associated to the 
element h — {hi,h2, ■ ■ ■ ,hr,a) e H, where hi is a cominimal weight of Gi, and a is 
some shift in M*/kM, is J/j = Yli ^hi ex.p{ia$ / Vk) , where J/j. are the primary fields 
Gf^^ associated to the cominimal weight hi. The fact that if is a subgroup, implies 
that the currents Jh, h & H, form a closed operator product algebra. The rest of 
the discussion follows as in the non-abelian case, with the appropriate obvious 
modification of the mutual semi-locality exponent S, eq. (32). Note that the 
conformal field theories described in sect. (2) are precisely SU{m)k x t^(l)m(m+fc)) 
where the U{1) piece corresponds to one free boson propagating on the root lattice 
of SU{2) at the level m{k + m). The automorphism a is taken, in this case, to 
be 5" = ((7i, ak+m), where ai is the fundamental weight automorphism of SU{m), 
and a^jf-m is the shift by /c + m on the lattice. Note, that a generates a group 
H, which is a subgroup of the center group, C ~ Zm x Z^^^/.^^), i.e., H <Z G. 
The discussion in sect. (2) may be considered as an example of the above general 
construction. 

The realizations presented here describe all the known rational conformal sys- 
tems (except, perhaps, some rational bosonic orbifolds) along with many new ones. 
In particular, the usual coset models G/H [41—46, 37] can be described as G^xH^^ 
along the hues above. Similarly, theories corresponding to the quotient theories 

G/C where C is a subgroup of the center, are described by the case of r = 1. It is 
intriguing to note that the form, eq. (27), is particularly suitable for a description 
of the theories as Chern-Simons models, which are based on the group Gi and 
the levels ki. This is in line with the ideas of ref. [39] which describes SU{2)k, 
k rational from a Chern-Simons approach, and with those of refs. [47, 48] which 
attempt to elucidate cosets models in this language. 
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7. Fusion IRF 



In this section we will give the general formulae for the Boltzmann weights of 
solvable interaction round the face (IRF) lattice models, which will be constructed 
out of the data of the general rational conformal field theory (RCFT) and in 
particular the braiding relations on the sphere. (For reviews on braiding relations 
in RCFT, see, for example, refs. [49,50,51].) More precisely, as we will show, at 
the extreme UV limit, the IRF models Boltzmann weights give a representation 
of the braid group, which coincides with the conformal braiding algebra. This is 
precisely the conformal limit of integrable massive soliton systems. In particular, 
the kink operators exchange algebra reduces to the chiral vertex operators exchange 
algebra. Thus, we are able to recover the full S matrix or Boltzmann weight for 
any rapidity, making use of the algebraic properties of the braiding matrices, i.e., 
the n-CB algebra defined in the sequel, eq. (9.2). 

The general fusion IRF model is defined as follows. Consider a square lattice 
(fig. 7.1) whose vortices are labeled by the primary fields of some rational conformal 
field theory. Further, restrict the admissible configurations by the condition that 
^xb ^ 0' where x is some fixed fundamental primary field, A^"^ is the fusion 
coefficient, and where a and b label the two vertices on the same link. The partition 
function of the theory is then defined as 



configurations faces 



fa b 






■ 


\ c d 





(7.1) 



where w 



is the face Boltzmann weight, which vanishes unless the state 



a b 
c d 

primary fields a, b, c and d, which are defined on the vertices, (fig. 7.1), obey the 
admissibility condition. Here, u is the spectral parameter, which labels a contin- 
uous parameter family of IRF models (it is not to be confused with temperature 
and other relevant parameters, which are implicit in w). Alternatively, we shall 
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use the notation 







b 






w 


: 


d 




-< 



(7.2) 



The key to the solvabihty of the models is in the fact that the transfer matri- 
ces commute for different values of the spectral parameter u. The mathematical 
condition ensuring this is the star triangle equation (STE) [2], 




u \w 




(7.3) 



U + V \ w 




u 



which is depicted in fig. (7.2). There are three types of solutions to the STE 
relation, eq. (3), eUiptic, trigonometric and constant. We shall concentrate here 
mainly on the trigonometric case which is the one relevant for soliton systems. The 
different types of solutions arc specializations of each other, expressing different 
critical limits, but the converse (i.e., how to construct an elliptic solution from a 
trigonometric one and a trigonometric solution from a constant one) is not generally 
obvious. Actually, for subsequent use, it is convenient to introduce a slightly more 
general notion of a fusion IRF model, where for the horizontal links, we allow one 
primary field h (fixed) and for the vertical links another fixed primary field, v. The 
admissibility condition then becomes. 



(7.4) 



for the face defined in eq. (2). Every pair of primary fields, v and /i, will denote a 
different IRF model based on the same RCFT. The STE relation stays essentially 
the same, having changed only the admissibility condition*. In the sequel, we shall 
exhibit solutions for the STE for all possible pairs, h and v. 



-k See eq. (10.7) for the explicit form of the modified STE. 
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It is more convenient to rewrite the STE in an index free notation, using face 
transfer matrices, fig. (7.3). The states on the diagonal, fig. (3), are denoted by 
|ai, a2, . . . , On), where the Oj are the heights, i.e., different primary fields. The face 
transfer matrix, Xi{u), is defined through its matrix elements 

^ / Oj-i a'i 

(ai, a2, . . . , aj, . . . , an\Xi{u)\ai, a2, . . . ,a i, . . . ,an) = w 

\ ai ai+i 

The STE is equivalent to the fact that the face transfer matrices, Xi{u), obey the 
Young Baxter (matrix) equation (YBE), 

Xi{u)Xi+i{u + v)Xi{v) = Xi+i{v)Xi{u + v)Xi+i{u). (7.6) 



u]. (7.5) 



Xi{u)Xj{v) = Xj{v)Xi{u), for |i - j| > 2. (7.7) 

Now, we may consider as a special limit of eqs. (6,7) the case where all the 
spectral parameters go to infinity (henceforth, termed the ultra-violet (UV) limit), 
u,v ^ ioo. In this case, the YBE assumes the form, 

XiXi^iXi = Xi^iXiXi^i, (7.8) 

where Xi is the limit, 

Xi = lim f{u)Xi{u), (7.9) 

M— >ioo 

and where f{u) is some irrelevant function ensuring a finite limit. Another limit 
which gives the braid relation is the infra-red (IR) limit, u = v = 0. We will 
assume that Xj(0) oc Ij, the trivial solution, (the regularity condition). As will be 
discussed in section (10), this condition expresses the fact that the corresponding 
soliton system has no scattering at zero rapidity. The relations eq. (8), along with 
eq. (9), form the so called braid group. Denote by the braiding of the i and 
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i + 1 strands, fig. (7.4). It is well known that the braiding generators ai obey the 
relations 

o'iO'i+iai = ai^iaiai+i, 

, , (7.10) 

(7j(7j = CTjCTj, for \i - j\ > 2, 

and that there are no other relations (i.e., these are the defining relations for the 
group). We conclude that the Xi{u) form a representation of the braid group at 
the extreme UV and IR limits, eqs. (8,9). On the sphere (5*^) the braid group 
enjoys the additional relation 

aia2, . . . On-2o\^xOn-2 ■ ■ .o\. . .a\ = 1, (7-11) 

which is depicted in fig. (7.5), and is obvious by undoing the braid around the 
north pole. As we shall see, the Xi form a projective representation of the braid 
group on the sphere. 

Let us turn now to rational conformal field theory. Let ipi{z,z) denote some 
primary fields. Consider the correlation function, 

(n^i(^i,^i)) = y^,Dp,q^pizi,Z2, . . ■ ,Zn)*J^q{zi,Z2, ■ ■ .,Zn), (7.12) 

i p,q 

where p and q label the different conformal blocks, and D is some matrix of coef- 
ficients, which counts the different blocks appearing in the correlation functions. 
^q{zi, Z2, ■ ■ ■ , Zfi) are holomorphic function (more precisely, holomorphic sections 
of the conformal blocks vector bundle) in each of the Zi, and can be depicted pic- 
torially by tree diagrams where the external legs are the ipi, and different blocks 
correspond to different intermediate fields. Different presentations of the blocks 
must give the same physical correlation function, which implies that the different 
presentations are the same up to a linear transformation on the blocks. In particu- 
lar, the four point blocks, J-'p{zi, Z2, zs,Z4), are labeled by an intermediate primary 
field p such that iV^^ = = 1, where is the fusion coefficient, fig. (7.6). (In 
case that N — Nf-Npj^i > 2, the block is labeled by the pair p, a where 1 < a < N.) 
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It follows that 



Tp{z\, Z2, ^3, ^4) = Cppi 

p' 



j k 
i I 



(7.13) 



where i,j,k and / label the four primary fields in the correlation function, and 
C is the conformal braiding matrix, fig. (7.7). The braiding matrix C obeys the 
hexagon identity. 



a 


j 




a k 




j 


k' 




Cpd 




Ccd 
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b 


P_ 


c I 




b 



(7.14) 
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k' 
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Cii' 






Cp'd 


i I 


b 






c' I 



y^.cpp' 
p' 

An index free notation for the braiding operation is obtained with the aid of chiral 
vertex operators [52]. Define the operator ^jj^{z), where j, i and k label the 
different primary fields, to be the map of Hilbert spaces : Hk — > Hi defined by 



^liz)^{a\biz)\c), 



(7.15) 



where a, b and c are any fields in the respective conformal blocks i, j and k, 
(denoted as Hi, etc). Here we assume that A^^ — I. (If A^j^ > 1, we add, as usual, 
a label for the different couphngs, which ranges to A"j^.) Graphically, the chiral 
vertex operator is depicted in fig. (7.8). The matrix C can now be interpreted as 
the braiding matrix of two chiral vertex operators. 



,S2,S3,S4 $S3(W)$S4(^), 



(7.16) 



Sl,S2,S3,S4 



where Sa stands for the triplet of primary fields, Sa — [^^"'^ j , and the R matrix is 
defined by 

'"jl J2 

_ii k2_ 

and where the delta functions ensure the proper sewing of the intermediate Hilbert 
spaces. 



(7.17) 
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In passing, note the remarkable resemblance of eq. (16) with the Fadeev- 
Zamolodchikov kink operators exchange algebra, 

Ka{u)Kf,{0) = Yl Sa,b,cA^)Kd{0)Kc{u), (7.18) 

cd 

where a, b, c and d label different kinks, u is the rapidity, and Sahcdi'^) is the 
scattering matrix for the kink process a + 6 — > c + d (see section (10)). In fact, we 
will estabhsh in the sequel that the two formulations are very closely related, and 
that the conformal braiding matrix can be thought of as the UV limit of the kink 

S matrix, eq. (18)* 

Now, the associativity of the conformal braiding algebra, eq. (16), implies the 
YBE, 

-R12-R23-R12 = -R23-R12-R23, (7-19) 

where Ri^j acts on the i, j Hilbert spaces in the triplet VxV xV, and is an identity 
in k. The Young Baxter equation, eq. (19) is equivalent to the hexagon identity, 
eq. (14). It follows, that the R matrix forms a representation of the braid group, 
eq. (8), where we identify with the operation ai of braiding the i and i + I 

strands. 

Let us return now to the IRF lattice models. At the limit of — > ioo the face 
transfer matrices Xi{u) form a representation of the braid group. Similarly, the R 
matrix form a representation of the same braid group. It is only natural to identify 
the two representations. More precisely, consider the most general IRF Boltzmann 



■k Eq. (18) thus suggests that the kink operators (which are the composite fields creating 
the kinks out of the vacuum) smoothly extrapolate the chiral vertex operators, at the the 
extreme UV (i.e., critical) limit. This is particularly notable, since the kink operators, and 
their correlation functions, is a relatively ill understood subject, whereas in the RCFT this 
is very well understood. We hope that this observation can be used to understand better 
this slightly abstruse problem. 
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weight, 

(ah 

u , (7.20) 




which is the weight attached to the face with a, 6, c and d at the vertices, where a, 
6,c and d are some primary fields, and si and S2 are arbitrary primary fields which 
label the model, fig. (7.1). The admissibility condition reads, A^" ^ = N^S2d ~ 

si,c S2,a 

Now, we identify, for u — > ioo the Boltzmann weight w, eq. (20), with the 
conformal braiding matrix R (up to an irrelevant factor). 



lim Wsi,s2 

u—noo 




where = t2 = (fj, ^3 = (J^). and U = We used all the six 

delta functions in the definition of R, eq. (18), showing that w contains all the 
information in the R matrix, and is an alternative presentation for it. Recall that 
the R matrix vanishes unless A'j"^ > 0. The crux of the identification, eq. (21), 
is that, very importantly, and lo and behold, the Boltzmann weight satisfies the 
precise fusion admissibility conditions, eq. (4). Further, since the R matrix satisfies 
the YBE eq. (18), it follows that w satisfies, for any si and S2 the star-triangle 
relation eq. (3). It follows that w, as defined, corresponds to a family of integrable 
lattice models, which are based on the fusion rules of any RCFT. We shall label the 
model as IRF(0, h, v), where O is any RCFT, and h and v are arbitrary primary 
fields which give the horizontal and vertical admissibility conditions. 

Next, we wish to exhibit trigonometric solutions of the fusion STE relations 
eq. (3), which at the limit u — > ioo coincide with the Boltzmann weights described 
above. To do so, we shall first make the simplifying assumption that the link 
primary fields h and v are 'fundamental', i.e., the operator product of h with v 
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contains exactly two primary fields . In terms of the fusion ring, 

hv^ 11)1 + 11)2, (7.22) 

where ■0^ are two primary fields. The case of more than two primary fields is 
discussed in section (9). In most of the following, for notational simplicity, we 
shall assume that h = v — x, a fixed primary field for both the horizontal and 
the vertical couplings. The arguments below do not depend, however, on this 
assumption. Denote by A^;, Ai and A2 the dimensions of these fields. For example, 
in the case of SU{N)k, the field x can stand for the fundamental (A^) representation. 
The fact that x^ = tpi + ^"2 implies that the four point function (ixxj) has only 
two conformal blocks labeled by the -0^, i = 1, 2. It follows that the R matrix is 
two dimensional, using the N move, fig. (7.9). Prom fig. (7.9), is clear that the 
eigenvalues of it! are always given by 

Ai = ^.^i^{^h+^v-i^i) ^ (723) 

where ej = ±1 signify whether the coupling is symmetric or anti-symmetric, and 
the equation holds for arbitrary h and v [53]. It follows that the R matrix obeys 
the fixed polynomial equation, 

n 

J[{Ri-\p)^Q, (7.24) 

p=i 

where Xi are given by eq. (23). In the two block case, eq. (21), Ri obeys a 
quadratic equation, eq. (24), which by choosing normalizations, 

^. ^ ^.g-i7r(A^+A,)gi7r(Ai+A2)/2^ 

f The one block case correspond to a trivial U{V) monodromy (which is a property of free 
boson theories), in which case Xi is one dimensional, and thus proportional to the trivial 
solution Xi = Ij. 
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is set in the more standard form 



at^l + (q-' - q)ai, (7.25) 

The braid group relations, eq. (10) along with the quadratic relation, eq. (25), are 
the defining relations for the Hecke algebra of type A^. The parameter q depends 
on the RCFT and the particular fields h and v. Introduce also the notation. 



q = e^*^, and / = (7.26) 

A 



where A is termed the crossing parameter and / which is a rational number is 
termed the 'level'. Then, from eq. (22), (assuming eie2 = —1, which is always the 
case) , 

^^AA^-A^ (7.27) 



For example, in the SU{N)f^ we find I = k + N in the N-N channel, and for 
the (r, s) minimal model [54] with the (2, 1) generator, we find / = s/r, and with 
the (1, 2) generator I = r/s. 

Following ref. [53] we can actually express in terms of the conformal di- 
mensions Aj. Using the braid relation on the sphere, eq. (11), taking a trace, and 
using eq. (23), we find, 

gi7r(8A^-3Ai-3A2) ^7 

where we used also the fact that the relation, eq. (11), has the value e~^"^^, i.e., 
R forms a projective representation of the sphere braid group, which follows from 
the behavior of the four point function at infinity. 
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It is convenient to define the generators Ui, 



Ui = q-^ - ai, (7.29) 
which obey the alternative presentation of the Hecke algebra, 

UiUj = UjUi, if |i - j| > 2, (7.30) 
UiUi+\Ui — Ui — Ui+iUiUi+\ — Ui+i, 

where, /? = 2cos(A). 

Define now the following face transfer matrix, 

Xi{u) — sin(A — u) ■ li + sinu ■ Ui, (7-31) 

where Ij is the unit face transfer matrix. Clearly Xi{u) still represents a fusion IRF 
face transfer matrix, with the correct admissibility conditions. Further, a direct 
calculation using the Hecke algebra, eq. (30), readily shows that for all u, the face 
transfer matrices obey the Young-Baxter equation, 

Xi{u)X,+i{u + v)X,{v) = Xi+i{v)Xi{u + v)Xi+i{u), (7.32) 

and 

Xi{u)Xj{v) = Xj{v)Xi{u), for \i - j\ > 2. (7.33) 

Thus the Xi{u) form a trigonometric solution of the Young-Baxter equation. Fur- 
ther, it is clear that ai = Xi = lim^i^joo e*"Xj(M), and thus Xi{u) indeed extrap- 
olates the conformal braiding matrix. We find also Xi[0) oc Lj, which is another 
standard requirement of IRF models. (Connected, as mentioned, to the fact that 

the corresponding kink system should have no scattering at zero rapidity, see sec- 

. a b 

tion (10).) The resulting Boltzmann weights w 



c d 



u obey the STE relation. 
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implying that the transfer matrices commute for different values of u, and thus 
the lattice theory is solvable. This completes the construction of the trigonometric 
IRF((9, X, x) models for any RCFT, O, and for a fundamental field x. Evidently, 
the entire discussion applies, as is, for the case of different horizontal and vertical 
couplings, h ^ V, ets long as the number of fields in the product hv is equal to 
two. For more than two fields, one can construct the trigonometric solutions in a 
number of ways. The simplest, perhaps, is using the so called fusion procedure of 
IRF models ref. [55], (for applications of the fusion procedure, see e.g., [56]), which 
is equivalent to the bootstraping of soliton systems (for a review see, for example, 
[57]), or the fusion of R matrices in RCFT. Alternatively, one may proceed directly, 
by choosing the relevant ansatz. This is described in section (9). The results of 
either of the methods are the same, and, in any event, the fundamental Boltzmann 
weights contain all the information regarding the others, via the fusion procedure. 

Another question is generalizing the trigonometric solutions to full off critical, 
i.e., elliptic, solutions, which leads to a solvable thermalization of the lattice models. 
For the two block case, we again expect this to be straightforward, essentially 
replacing each of the sines with the appropriate theta function, or replacing sin-u 
with Qi{u]p) in the notation of eq. (8.27), where p is a parameter which measures 
the distance from criticality*, (see more in section (8)). This will be reported 
elsewhere ref. [1]. 



7*r The complication stems from the fact that some of the 'I's have to be replaced by an 
appropriate Q function, Q{u;p), such that 8(m;0) = 1. I thank T. Miwa for a discussion 
on this. 
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8. Graph State IRF and RCFT 



Consider a general IRF model defined on a square lattice, fig. (7.1). Assume, 
for simplicity, that the horizontal and vertical admissibility conditions are the same, 
and that the states of the model are labeled by the elements a E S, where S is 
some finite set. The admissibility condition can be represented as a set of pairs 
(a, b) such that a is adjacent to b. Alternatively, define the set K C S x S hy 

K^{{a,b)\b^a}, (8.1) 

where we used the notation 6 ~ a to denote that (6, a) is an admissible pair. Note 
that the order is important, and h a does not necessarily implies that a ^ b. We 
also allow a ~ a as an admissible pair. Now, the pair [S, K) defines an oriented 
graph, with the possibility of one^ self loop on each vertex. The points of the graph 
are the elements of S, and the hues go from all a to 6 such that (a, 6) e K. We 
put an arrow on the line to indicate the direction, unless both (a, b) and (6, a) are 
in in which case we omit the arrow. We thus get a graphical representation of 
the model. 

Assume that the IRF is a fusion theory associated to some conformal field 
theory, i.e., IRF(0, x, x), where O denote the RCFT, and x the primary field used 
to construct the model, as in section (7). Recall, that the admissibility condition 
is, a ~ 6 iff the fusion coefficient obeys N^^^ — 1. Then, according to the rules 
above we find the oriented graph K = {(a,6)|iV^(j = l}> which will be termed 
the admissibility graph for the model IRF(0,a;). In fig. (8.1) examples of fusion 
admissibility graphs are depicted. The graphs are convenient visualizations for the 
model. 



f Actually, in general the number of lines may be more then one. For fusion IRF these denote 
the number of couplings iV^^ which can be any positive integer. Fig. (8.1,d) is such an 
example. 
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Now, recall the defining relations of the Hecke algebra eq. (7.30), 

HiHi^iHi — Hi = Hi+iHiHi^i — i^j+i, 

HiHj = HjHi if |i - j| > 2, (8.2) 
Hi = (5Hi. 

Given any representation of the Hecke algebra, we can build an IRF model as 
explained in the previous section. The face transfer matrices Xi{u) are 

Xi{u) — sin(A — u) ■ smu ■ H^, (8.3) 

where the crossing parameter A obeys (3 — 2 cos A. The Xi{u) so defined satisfy 
the YBE, eqs. (7.6,7.7). We can define a representation of the Hecke algebra, for 
any graph, by choosing the ansatz, 

(oj-i, aj, ai+i|i7i|aj_i, a^, aj+i) = (^ai_i,Oi+i 

where the states on the right and left are admissible. Now, the first two relations 
of the Hecke algebra, eq. (2), are easily verified for all choices of ■0(a)- Further, it 
can be checked that 

HiHi±iHi -Hi^Q, (8.5) 

which is a stronger form of the braiding relation. The algebra satisfied by the Hi is 
the Hecke algebra, with a quotient by the ideal generated by eq. (5), and is termed 
the Temperly-Lieb algebra. The third relation, Hf — PHi, is equivalent to 

^ m-ma), (8.6) 

6 

(6,a)SJf 

which is an eigenvalue problem for the connectivity matrix, where the eigenvectors 
are ■0(a), and the eigenvalue is /3. Further, we should require, due to eq. (6), 



ij{ai)ip{ai) 
ijj(ai-i)tjj(ai+i) 



(8.4) 
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that ip{a) 7^ for all a, which limits the possible allowed eigenvectors. The IRF 
model, so obtained, will be referred to as a graph-state IRF. Such models have 
been described before, in particular, in association with the A-D-E Dynkin graphs 
[58,6,3]. Now assume that the model is the fusion IRF(0,x). Then eq. (6) 
becomes, 

Y,NlMa)=mb), (8.7) 
b 

i.e., the ip^s diagonalize the fusion rules with respect to x. The solution to this 
eigenvalue problem is well known ref. [8, 19] being given in terms of the points of 
the fusion variety, 

Ma) = ^, and (3 = ^, (8.8) 

'J0,7 '-'0,7 

where 7 is any primary field, labeling the different solutions, and S is the conformal 
S matrix. The eigenvalue problem is then equivalent to the well known relationship 
between the fusion rules and the S matrix. 



E<af^ = t^|^' (8-9) 
^ '^'0,7 -^0,7 -^0,7 



which simply means that the value of the primary fields on the points of the fusion 
variety [a](x-y) = ip^yi^a) represent the fusion algebra. To summarize, the IRF(0,x) 
graph-state model Boltzmann weights are 




u = 6b^c sin( A -u) + Sa,d sin u 



'S'6,7'S'c,7 
'S'o,7'S'd,7, 



(8.10) 



where 7 is any primary field, which labels the different graph-state IRF models 
associated to the fusion rules of O, and the crossing parameter A is 

/? = 2cosA=^. (8.11) 
Note that, for the sake of consistency, we must choose a primary field 7, such that 
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Sa'y 0: ior all primary fields a. Otherwise, there are no restrictions on 7 . 



The graph-state Boltzmann weights obey a number of important properties, 
which are evident from their definition eq. (10), 

Regularity: 

a b 



w 



c d 



= ^/Mh,c. 



Time reversal: 
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a b 
d c 
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c b 
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(8.12) 
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Crossing symmetry: 
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a b 
d c 



u = 
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a d 



X — u 



(8.14) 



Unitarity: 
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^.15) 



where p{u) = F{u)F{—u) is some function (termed the unitarizing factor). Using 
the face transfer matrices Xi{u), the unitarity property may be written as 



Xi{u)Xi{-u) = F{u) ■ li. 
The r.h.s. of eq. (16) becomes 

Xi{u)Xi{—u) = [sin(A — u)li + sinMifj][sin(A + u)li — sinuHi], 



U6) 



(8.17) 



where Hi obeys the Hecke algebra, eq. (2). Using the Hecke relation, Hf — PHi 



■k Of course, requiring a sensible probabilistic interpretation of the Boltzmann weights implies 
that oj, eq. (10), must be real and positive for all a, b, c and d. This puts severe limitations 
on the allowed graphs and choices of 7. However, there is no reason to think that the 
general, non-probabilistic theory, does not represent a sensible field theory for any values 
of Lu. A similar situation is encountered in discretized models with topological terms, e.g., 
CP" sigma model in two dimensions with a topological term, 6^0. 
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and /3 = 2 cos A, it follows immediately that eq. (16) holds, with 



p{u) = sm{X + u) sm{X — u) , (8.18) 

and thus the IRF models based on any Hecke algebra, via the ansatz eq. (7.31), 
are always unitary. In particular, all the graph state fusion IRF models described 
in this section are unitary. 

The graph-state construction gives us an easy way to build an IRF model 

from any given rational conformal field theory. In general, however, it is not a 

f a b \ 

true fusion IRF, since the configurations appearing in w u \ are not all the 

\cd J 

ones that are allowed by the admissibility condition, but rather, only the ones for 
which a = d or b = c. For special graphs, i.e., trees with no self loops except at 
the end points, it is clear that the admissibility conditions indeed imply that a = d 
or 6 = c. Thus also, for such theories, the state-graph model is the correct fusion 
IRF. Further, it can be shown, that up to irrelevant factors, the general Hecke 
ansatz always reduces to a state graph model for trees. This gives us an immediate 
way to express the conformal braiding matrix in terms of the torus S matrix in 
such theories, since both give rise to same IRF model. Comparison of eqs. (7.30) 
and eq. (10) shows that, up to an irrelevant overall factor. 



Sa,d, (8.19) 



for some 7, up to irrelevant normalizations of the primary states . 

At this point, the reader might wonder about the parameter 7, which labels 
apparently different solutions of the STE for the same fusion rules. From the 
perspective of the correspondence with the RCFT, this might seem puzzling, since 



★ In section (9) we will derive a more general form of this relation, eqs. (9.19), and its special 
case, eq. (9.22), based on the connection between the crossing properties of w and the 
RCFT torus modular transformations, eq. (9.20). Eq. (19) is the two block case of eq. 
(9.22), which holds for any RCFT. 
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a given RCFT is supposed to give rise to a unique IRF model. The resolution 
of this is that, indeed, different choices of 7 correspond to different conformal 
field theories! Recall from section (5) that for a given set of fusion rules, there 
are a number of possibilities for consistent S matrices, which give rise to these 
fusion rules. The different S matrices are related by some permutation of the 
primary fields, p, such that Sab — NbSa,p{b)j where Nb are some non-vanishing 
normalizations. The allowed permutations are limited by S^b — Sba and = C, 
which, however, are fulfilled for various permutations. Now, if we take b — 1 (the 
unit primary field), we find that, Sa,i = NiSa,-y, where 7 = p{l)- Since Sa,i 7^ 0, 
this must be so, also, for Sa,b- Assume that a permutation p exists such that 
7 = p{l) for all 7 such that Sa,^ 7^ (and for all a), which obeys the RCFT 
properties listed above. Then we may assume, without any loss of generality, that 
7 = 1, the unit primary field, by replacing S ^ S and 7 — >^ 1. Then, also, we 
find a unique correspondence between the Boltzmann weights and the RCFT. We 
shall, thus, in the sequel, assume without any loss of generality, that 7 = 1. 

Example (a) : Consider the case of lRF{SU{2)k, [1]), where [1] stands for the 
fundamental representation, fig. (8.1, a). As was discussed in section (5) we may 
replace SU{2)]^ with S'f/(2)^/p, for any integer p such that gcd(p, 2(/c + 2)) = 1. 
The S matrix for SU{2)p/f. is, using eq. (5.1) 



2 



\/FT2 



7rp(m + l)(n + 1) 
A; + 2 



(8.20) 



where m, n = 0, 1, 2, . . . , /c, are the (twice) isospins of the different primary fields, 
and is the usual S matrix for SU{2)k. All the different p's give the same 
fusion rules (c.f., section (5)). We find, 

S'rlT^ - S'm,n- (8-21) 

The condition gcd(n + 1, 2(/c + 2)) = 1 is precisely the one needed to ensure that 
^m+i n+i 7^ 0, and we thus can identify the parameter 7 = n + 1. Eq. (21) then 
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shows that, indeed, we can assume without any loss of generahty that 7 = 1, by 
replacing with S^p. 

The state graph lRF{SU{2)]^/p, [1]) Boltzmann weights are obtained by substi- 
tuting the S matrix, eq. (20), into eq. (10), 
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(8.22) 



sin(A — u)6i,c + Sad sin u 



y/sm[np{b + + 2)] sm[np{r + + 2)] 

sin[7rp(a + l)/(A; + 2)] 



where A = -j^^, and a, b, c and d obey the admissibility conditions. Explicitly the 
Boltzmann weights, for p = 1, are. 
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m mil 
mil m i 2 



mil ^ mil 
mi2 



[l-v\ 

[1] ■ 



(8.23) 
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mil 



mil 
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mil^mil 



[iv + m + 1] 
[m + 1] 



(8.24) 




= mil( 



i=Fl = i 



[v] ^/[m + 2][m] 



[1] [m + 1] 



(8.25) 



where we used the variable v = {k + 2)u/ n, the symbol [v] = sin[7rf / {k + 2)], where 
the states are j = 0, 1, 2 . . . , A;, where Boltzmann weights where j is outside of this 
range vanish, and where we have divided all the Boltzmann weights by sin[^j^]. 
The model for p 7^ 1 is obtained by replacing k + 2 with (A; + 2)/p in the definitions 
of V and [v], and no other changes. The Boltzmann weights eqs. (23-25) are 
identical to the ones originally given in ref. [59] for p = 1, and form the so called 
restricted height model. We conclude that the restricted height model is a graph 
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state fusion IRF associated to SU{2)]^. Similarly, other values of p give rise to 
generalizations of the model. Note, however that for p > 1 some of the Boltzmann 
weights become complex, and thus no longer allow for a probability interpretation. 
The partition function remains, however, real and positive, and thus the models 
appear to represent bona-fide field theories. (See the footnote after eq. (11).) 

Example (b): Consider the conformal field theory SU{2)(^2k+i)/p/ SU{2)pi^2k+i) 
described in sects. (4,5,6). Again, take the field x = [1] to be the fundamental 
representation. The graph of the theory is depicted in fig. (8.1,b). Substituting 
the S matrix, eq. (4.6), into the general graph-state representation, eq. (10), we 
find 

S - 2 

where m,n — 0,2, ... ,2k. The Boltzmann weights are identical to those of SU {2)2k+i, 
with the identification n = 2k + 1 — n, and no other changes. 

Example (c): The hard hexagon model on a square lattice (ref. [60]). The 
states of the classical hard hexagon model are labeled by the variables and 1. 
The Boltzmann weights are expressed in terms of the elliptic function 9i{u;p), 

oo 

ei{u;p) = 2pV4sin« _ 2^^^^ cos(2m) +/^](1 - p^^), (8.27) 

n=l 

where p is a parameter which measures the distance from criticality. The Boltz- 
mann weights of the integrable hard hexagon model are (ref. [60]) 
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np{m + l)(n + 1) 
2A; + 1 



(8.26) 






1 

A ei{A\-u) A ei{2\~u) 

1 



where we used the short hand notation, 9\{u]p) = 9i{u), and where A = ^ is the 
crossing parameter. The model becomes critical for p = 0, in which case the five 
amplitudes become the trigonometric solutions (using limp^o 6'i(M;p)/(2p^/^) — 
sin u) , 



[3A — u] [A — u] \u\ . ^. 

--W' ""^^V- "'^vmr ''-''^ 

[4A - u] [2A - u] 

m = — — , ^5 - 



[4A] ' ° [2A] ' 

where we defined [u] = sin-u. It is straight forward to verify that these Boltzmann 
weights are identical to the state-graph IRF of ((^2)11 given in example (b), with 
k = p = 1, up to multiplying by an overall factor of sin A, and identifying the states 
by = [2] and 1 = [0]. 

Example (d): The Ising model. This well known model can be presented as 
a graph-state fusion IRF theory, 1RF(SU(2)2), [1]), example (a), with k = 2. In 
this case the state variables are j = 0, 1,2. Since a square lattice is a bipartite 
graph, and so is the admissibility graph, the configurations on the lattice break 
into two disjoint sets, where all even (odd) sites on the lattice are occupied by 
j — 1. Choosing the latter possibihty, we may decimate the odd lattice sites where 
j = 1, to get a square lattice where the state variables are = j — 1 = ±1. The 
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four Boltzmann weights of the fusion IRF are related to the Ising horizontal and 
vertical couplings, Ji and J2, by (e.g., for a review, see [3]), 



-('')---^'-0^-0"^t(^' (.30) 



2 

,...^..,<J,.?|i=^, ,,33) 

2 

where A = 7r/4, e = ±1, and yi and t/2 are some constants. The relationship of the 
temperature parameter p and u with the Ising couplings Ji and J2 is then seen to 
be, 

2J, ^ Oii\-u;p) 2J2 ^ ^i(2A-m;p) 

^i(A + «;p)' ^i(«;p) ■ ^^-^^^ 

The model becomes critical for p — 0, giving the two Ising couplings (horizontal 
and vertical ones) at the fixed point. Now, it is a straightforward exercise, which is 
left to the reader, to verify that at the critical limit, p — > 0, the Boltzmann weights 
wi, W2i ws and W4 are identical to the fusion IRF ones for SU{2)2, where we set in 
example (a), k = 2 and p — e. 

Example (e): Let us return now to the previous section, where the relationship 
between RCFT and their corresponding IRF lattice models was discussed. As a 
particular example, consider the case of SU (2) where the braiding matrix, R, have 
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been computed, ref. [61, 62]. From the IRF Boltzmann weights described in section 
(7), we may compute the u ^ oo Umit, which should correspond to the conformal 
braiding matrix, as explained in section (7). We find. 



R 



( ' \ 

j±iAj±i 
V j J 



-q-(^/^+m[l]/ [j + 1] ^q-y^[j][j + 2]/[j + 1] 



. (8.35) 



The R matrix so computed is, indeed, also, identical to the R matrix obtained from 
the SL{2)q universal R matrix [62], and is identical to the conformal braiding ma- 
trix of SU{2)i^, up to an irrelevant similarity transformation (which depends on the 

normalizations of the primary blocks). We conclude the the model IKF{SU{2), [1]) 
gives an alternative derivation for the restricted height model, example (a). 

Example (f): The braiding matrix of SU{N)]f in the N-N channel are com- 
puted in ref. [63], where the general calculation for the braiding matrices of 
any two block RCFT are found as solutions of the corresponding Riemann mon- 
odromy problem. The result for SU {n)k can be expressed in terms of the quantity 

q = e^'^'^l (^+^) and the function 

xV2 _ -x/2 sin(xSv) 

N 1/2 = • (8.36) 

gl/2 _ ^-1/2 sm(^) 

The braiding matrix then assumes the form, 

[aim] \y/[aim + l][aim-l] g'^""/', 

(8.37) 

where A is any weight at the level k, fu its signature sequence of the Young tableau 
(see sect. (2) for the definition), where u — 1,2, . . . , N, aim — // ~ /m + ~ and 
ei — Xi — Xi-i, where A; is the fundamental weight, and we defined Aq = Xn — 0. 
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Note, that for the special case of SU{2), N = 2, the Braiding matrix agrees 
precisely with the one described earlier, eq. (35). As in the case of SU{2), we can 
now proceed to construct the lattice model IRF(SU(A'")fc, N, N) using the formalism 
of section (7). The crossing parameter is given by, eq. (7.25), A = 7r(Ai — A2)/2 = 
^j^j^ , where Ai and A2 are the dimensions of the two fields exchanged in this 
channel. The generator of the Hecke algebra is, as usual, 

and it obeys the usual Hecke relation, 

= (3H, where /3 = 2 cos A. (8.39) 

Explicitly, the Hecke algebra elements are given by 

A 



[sji{X + ej)sji{\ + ek)]' 

X+Cj+ei 



i7, = A+e, () A+e.^(l-c5,,) ^^^^^^^"^;7;; ^ (8-40) 



where Sji{X) — sin[(^^^)(ej — ei) ■ A]. This expression agrees precisely with the 
representations of the Hecke algebra described by Wenzl [64]. Substituting this 
representation into eq. (7.31), we find the Boltzmann weights of the trigonometric 
lattice IRF model, which are, 

A 

A+e^ ^ A+e^ = [1 - u], 

A+2e^ 
A 

A Wuv + u] 

A+e^ () \+e^^^ ^, (8.41) 



A+e^+Ci. 
A 



[a 



where p = ±1 corresponds to two different solutions (given by B or its complex 
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conjugate matrix, which is the braiding matrix of SU{N)-i). 

Amazingly, these are precisely the Boltzmann weights of the SU{N) models 
described in ref. [7], at the critical hmit, p — 0. This fully illustrates the universal 
connection described in the body of the paper between IRF models and RCFT, 
giving, in this particular instance, the Boltzmann weights of the solvable lattice 
models IRF(SU(iV)fc, N, N). 

One can easily extend the results described here to other modular invariants of 
SU {N) , and their extended algebras. It is known that the same blocks appear in 
all modular invariants, and that the problem of writing the braiding matrices is a 
simple sesqui-linear re-juxtapositioning of the conformal blocks (see, for example, 
[65 — 69]). Substituting the so obtained braiding matrices into eq. (7.31), we would 
find new solvable IRF models, and an explicit solution for their Boltzmann weights. 
In fact, the Boltzmann weights of such models are known only in the case of SU{2) 
(The ADE cases) , and some quotient (orbifold) cases [12,71,6]. For the general 
modular invariants of SU (N) the problem of finding such Boltzmann weights have 
been posed in ref. [6] but none have been found so far. Our approach provides 
a straightforward solution for these Boltzmann weights. Clearly, the method is 
applicable to all rational conformal field theories, and the calculations described 
in this this example and in ref. [63] can readily be carried out for any theory. 

9. General Fusion IRF Models 

Let us now proceed to describe the general fusion IRF model based on any 
rational conformal field theory, O, and any pair of primary fields, h and v, denoted 
as IRF{0, h, v). In section (7) we have described the two block case, /iv = + '02, 
using Hecke algebra properties. Our purpose in this section is to describe the 
general case, 

n-l 
r=0 

where n is the number of primary fields, and ■0,. are the intermediate primary fields 
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in the block. Wc shall begin by generalizing the Hecke algebra to a more general 
one, that will be termed the n-conformal braiding (n-CB) algebra. This algebra is 
a quotient algebra of the braid group algebra, and was already described in sect. 
(7). Recall the defining relations eqs. (7.19, 7.24), 



RiRi+lRi — Ri+lRiRi+l, 

RiRj — RjRi for \i — j\ > 2, 

n-l 

0^l[{Ri-Xp), 

p=0 



(9.2) 



where the parameters Xp are fixed, specify the algebra, and are arbitrary. Recall 
also from sect. (7) that the braiding matrix of any RCFT obeys the n-braiding 
algebra relations, eq. (9.2), with the eigenvalues which are, 

where ep = ±1, in accordance to whether ipp appears symmetrically (+1) or anti- 
symmetrically (—1) in the product, and where A/j, A^; and Ap denote the dimen- 
sions of the corresponding fields. We shall assume that the fields are so arranged 
that 



p 



(-1)^-1, (9.4) 



which can always be justified on group theoretical reasons. Clearly, the case of 
n — 2 corresponds to the Hecke algebra described earlier, eq. (7.30) with 

/3=^. (9.5) 
VAoAi 

Special cases of the n-CB algebra appeared in some IRF hierarchies, ref. [3] and 
references therein, but it has not been previously defined, in general (arbitrary 
parameters) . 
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Consider now the braiding matrix of the primary fields h and v, R^'^ , which 
obeys the n-CB algebra eq. (2). We can now define the projection operators, 

Ri — A 



Aa-A 



PA 



(9.6) 



where a — 0, l,...,n — 1 labels the corresponding eigenvalue. Prom the n-CB 
algebra, the projection operators obey the relations. 



n-l 




En° = 




a=0 




pa pb _ 




n-l 






Ri- 



(9.7) 



0=0 

Our purpose is to introduce trigonometric solutions of the YBE, Xi{u), 

Xi{u)Xi+i{u + v)Xi{v) = Xi+i{v)Xi{u + v)Xi+i{u). (9.8) 

Further, we shall require that at the extreme UV limits these solutions would 
coincide with the conformal braiding matrix, 

lim Xi{u) = Ri, (9.9) 

u-^ioo 

and that the correct admissibility conditions would be satisfied for all values of 
the spectral parameter u, i.e., the face transfer matrix {a,b,d\Xi{u)\a,c,d) van- 
ishes unless ^ah^bv^ch^dv where A^j^ are the fusion coefficients. The above 
requirements essentially imply the following ansatz for the face transfer matrix, 

n-l 

Xi{u) = J2fa{u)Pr, (9-10) 

0=0 

where fa{u) are the eigenvalues of Xi{u), and are scalar functions of the spectral 
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parameter u. On physical grounds we shall also demand the regularity relation, 



Xi(0) (X li. 



(9.11) 



The set of constraints (10,11) are fulfilled provided that the functions fa{u) are 
such that 

/a(0) = 1, 

f9 12) 

lim /„(ii) = Xe-*-^% ^ ■ ' 

o— »ioo 

where K is some constant. Then the face transfer matrices Xj(-u) obey the correct 
UV and IR limits, as can be verified using the relations obeyed by the projections 
operators, eq. (7). 

It can be shown, via considerable algebraic computations, that all the relations 
specified so far, and in particular the YBE, eq. (8), hold provided that 



fa{u) 



where the parameters C^, 



n-l 



sin(Ci + u) 



.r=0 



(9.13) 



Ci = 7r(Ai+i - Ai)/2, 



(9.14) 



are the 'crossing parameters'. It can be checked that the functions, fa{u), indeed, 
obey the relations, eq. (12), 



n-l 



/«(0) = J]sinCi, 



(9.15) 



a=0 



and 



lim Xi(ii)e-("-i)^" = e-'^'^^'^+^^^Ri. 



(9.16) 



We conclude that the face transfer matrices Xi{u), eq. (10), indeed give rise to 
the Boltzmann weights of the solvable lattice model IRF{0, h, v) associated to an 
arbitrary conformal field theory O and arbitrary primary fields h and v. 
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As a side remark, note that we need not restrict ourselves to primary fields 
h and v, but can, in fact, take any algebraic combination of primary fields, h = 
CiPi) where Cj are some constants, and pi are the primary fields, and similarly for 
V. In other words, h and v can be taken to be any elements of the fusion ring, and 
the admissibility condition are taken as a ~ 6 iff a/i = n6 + . . ., where n > labels 
the couplings, and the product is in the fusion ring. (Alternatively n — {a\hh) > 0, 
using the inner product of the fusion ring ref. [8]). We would then get an IRF 
model associated to arbitrary elements of the fusion ring, h and v. The R matrix, 
is simply the corresponding linear combination of the separate R matrices, 

n,m 

where Cn and dn are arbitrary complex coefficients, which express the fields h and 
V in the basis of the primary fields. The YBE relation is evidently satisfied, since 
R^ y is the braiding of the fields h and v, and thus corresponds to the braid group 
on the punctured sphere. Evidently, the general R matrices satisfy a fixed polyno- 
mial equation, with some eigenvalues Xp, which do not depend on the external legs, 
since this is so for each of the component matrices in eq. (17). Hence, projection 
operators can be defined as in eq. (6). The rest of the construction of the Boltz- 
mann weights Xi{u) follows as before, and these are given by the same formula, 
eq. (10), with the replacement of the old projection operators by the new ones, 
and no other change. The projection operators are now simply labeled by P^^ for 
each of the primary fields h and v and each of the fields appearing in their product, 
p. Thus we can still associate primary fields and dimensions to each channel, and 
proceed as before. We find that the braiding matrix is 

Xi{u) = J2 Cnd^e^''^^-^^-^ Pn,mfn,M, (9-18) 
n,m a 

where the functions /"„j(m) are defined as before, eq. (13), with the obvious 
replacements, and the projection operators are the same ones for each of the chan- 
nels. Thus Xi{u) is a linear combination of the face transfer matrices in each of 
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the channels, 



Xi{u) = 5;c,d^e-(^"+^-)xf'-(z.), 



(9.19) 



where X^'^ is given by eq. (10), and is the face transfer matrix for the model 
IRF(0,n, m). Evidently, Xi{u) obeys the same properties as before, eqs. (9,11). 

Returning from this digression, consider now the case where h = v (or more 
generally as in the discussion above, where hv = 1 + . . ., and where h and v are 
arbitrary elements of the fusion ring). Then it follows that the unit operator is one 
of the fields ipi exchanged in the channel, and we can assume without any loss of 
generality that this field is ■00 — 1- Now, the parameter A = Co = 7r(Ai — Ao)/2 
is the crossing parameter of the model. In other words, the following highly non- 
trivial relation holds. 



w 



d 



X — u 



Sa,oSd,0 



.1/2 



W 



d 



u 



(9.20) 



where S is the torus modular matrix, and 



Sb,oSc,o 



1/2 



is the universal crossing 



Sa,oSd,0 

multiplier, and where we have used the standard face transfer matrix notation. 



w 



d 



u 1 = {a,h,d\Xi{u)\a,c,d) . 



(9.21) 



The proof of the crossing relation, eq. (20), entails the usage of the braiding 
relations on the torus, and will be described in ref. [1]. 

A particular consequence of the crossing relation, is the expression for the 
projection operator Pq which reads 



n 



sinCi 



sin(Cj + A) 



1/2 



(9.22) 



which follows by applying the crossing relation to Xi{0), and by noting that while 
Xi{0) oc li, Xi{X) oc Pq. Similarly, relations among all projection operators can be 
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derived, using the various crossing points. Note that eq. (8.19) is a special case, 
for trees, of the general eq. (9.22). 

Prom the expression for Xi{u), eqs. (10,13), it is straightforward to compute. 



Xi{u)Xi{-u) = li^fa{u)fa{-u) ^ np{u)li, 



(9.23) 



where 



n-l 



(9.24) 



r=0 



It follows that the IRF theories are always unitary, i.e., they obey the property 
eq. (8.15), with a unitarity factor which is p{u). Evidently also eq. (11) (the 
regularity) holds. Consequently the IRF models described in this section obey all 
the standard properties of IRF theories, eqs. (8.12-8.18). These properties will be 
of importance in the next section where soliton scattering theories are constructed, 
based on the fusion lattice models. 

Example: Consider the case of lRF(SU(2)fe, [2], [2]) where [2] corresponds to 
the adjoint representation of SU{2)k WZNW RCFT. The projection operators 
can be calculated from the known structure constants, ref. [72], of the RCFT. 
Alternatively, the projection operators are related to the corresponding SU{2)q 
quantum group 6 — j symbols [62] . Explicitly, these are as follows [73] . Denote the 
projection operators for a given face in the notation. 



{a,b,d\P'\a,c,d) = P' 



a \ 



(9.25) 



Denote also P* 







by the matrix {P'^\c — ^hci ^^^d l^t a — j. We then find 



d = a± 1 



(7 = 0, 
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d — a 



[2] ( 



^3,3 
.^3+^,3 

[2j] V[2j][2j+4] 



[2j + 4] \^ V[2j][2j+4] [2j + 4] 



/ [2j] 



V[2j][2j+4] 



[4][2j+4] \^V[2i][2j + 4] [2i + 4] 



d = a — 1 



[2] 



[4][2j] 



[2? + 2] -V[2j+2][2j-2] 
V[2j+2][2j-2] [2j-2] 



[2] 
[4] 



V 



[2] 

[2i][2j+l] 



V 



2j-l 




2j+l 


m 



[2j+l] 



* * \ 

2+g4j+2+g-4j-2 



[2jJ[2j+2J 



2j+3] g^^+i+g-^^- 



where the matrices are symmetric, q = e^+^ , 



- ( 



1 



[2] • 
[2j+l][2i+2]^ 



q '-i: _ q X 

_i ; 



(9.26) 



and = 1 — — P^. Here a,ci and j stands for the isospin of the primary fields 
and are in the range 0, ^, 1, . . . , |. 
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From these projection operators we find, 



A = Co = 7r(Ai - Ao)/2 



TT 



(9.27) 



k + 2' 



and 



Ci = 7r(A2 - Ai)/2 



7r2-3-l-2 
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2Co. 



(9.28) 



2 2{k + 2) 



k + 2 



Substituting into eq. (10) we find the face transfer matrix, 

Xi{u) = P°-sin(Co+M) sin(Ci+M)+P^-sin(Co+M) sin(Ci-M)+P^ sin(Co-M) sin(Ci-M). 



It can be exphcitly checked, involving numerous relations among the matrix 
elements, that the crossing property, eq. (20), which is a powerful constraint, is 
indeed obeyed, where the S matrix is the usual one for SU (2), eq. (22), with p—1. 
Indeed, P° is given entirely by eq. (20). Similarly and P-^, are almost (but not 
completely) determined by eq. (20). 

The face transfer matrix Xi{u), eq. (27), derived here by specializing the 
universal eq. (10), is identical to the trigonometric solutions of the YBE equation 
previously found in ref . [7] , for this particular case [73] . Similarly, all the solutions 
of the YBE based on various quantum groups are special cases of eq. (10), as 
applied to the corresponding WZNW model. This includes a host of models studied 
in literature (for a review, see, e.g., [3]). 



(9.29) 
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10. Fusion Soliton Theories 



Consider a soliton or kink system based on some fusion IRF model. The 
solitons are labeled by some primary fields in the theory, h, v, p, etc. The vacua 
of the theory are also labeled by the primary fields, where each primary field, 
a, corresponds to a unique vacua. The h solitons interpolate between any two 
vacua a and b in the theory, such that the fusion coefficient N^^ does not vanish. 
The two particle scattering amplitude for the solitons h and v is described by the 
process {a\h\b) + {b\v\d) — > (alvlc) + {c\h\d), where {a\h\b) stands for the h soliton 
interpolating between the a and b vacua, and so forth. We denote this scattering 
amplitude by 



Sh,v 



d 



(10.1) 



where mO is the relative rapidity of the two incoming particles, fig. (10.1). Here, 
a, 6, c and d label the different admissible pairs, which obey, N^a^hc^va^vb ^• 

The S matrix of any such theory (regardless of whether it corresponds to a 
fusion of RCFT) needs to have the following properties. 

Regularity, which expresses the absence of scattering at zero relative rapidity: 



d 



(10.2) 



Unitarity: 



b c 



a e 



S. 



v,h 



e c 



a d 



;io.3) 



Crossing symmetry: 





1 - 



;io.4) 
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Charge conjugation, 





;i0.5) 



Time reversal, 





(10.6) 



In addition, for an integrable scattering theory the S matrix must obey the factor- 
ization equation (YBE) [4,3], 




(10.7) 



which is depicted in fig. (10.2). Note that the factorization equation (7) is identical 
to the STE relation for the corresponding IRF model eq. (7.3), and that fig. 
(10.2) is dual to the STE fig. (7.2), by replacing each of the vacua domains by 

a vertex, and connecting the vacua if and only if a soliton interpolates between 
them. Thus an S matrix which satisfies the factorization equation is a Boltzmann 
weight for a solvable lattice model. Our purpose is to build the S matrix from 
the IRF Boltzmann weights described in sections (7,8,9). Thus, we relist here the 

properties of the Boltzmann weights, denoted as before by w^^^ 




u 



Regularity: 




= \fMh,d^ 



(10.8) 



Unitarity: 



fh c 






( e c 










\a d 


- 


\a e 







(10.9) 



82 



Crossing symmetry: 



c d 



u 



^(6)^(c) ) 



w 



v,h 



b d 



a c 



X — u 



(10.10) 



Charge conjugation and time reversal: 



a b 
d c 



u 



w 



h,v 



b a 



a c 



b d 



u 



(10.11) 



The parameter Ph^v{u) is called the unitarity factor. A is the crossing parameter, 
and il-){a) is the crossing multiplier. For a graph-state IRF model we found that 
-0(0) is an eigenvalue of the connectivity matrix and A = 2 cos(A) is the eigenvalue. 
For a fusion IRF model IRF(0, h, h) we have the universal crossing multipher 
■0(a) = Sa,i/Sh^i, where S denotes the toroidal modular function, eq. (9.20). For 
an IRF model based on a two block product hv — '02 we have from sect. (7), 



Why 



d 



U 



5ft^cSin(A — u) + smu ■ R^^y 



d 



;io.i2) 



where R^^y is the Hecke algebra element, eq. (7.29), and where A is the crossing 
parameter, A = 7r(A2 — Ai)/2, where Aj are the dimension of the fields in hv 

product, and which depend on the choice of fields h and v. The generalization of 
the Boltzmann weight eq. (12) to more than two blocks is described by cqs. (9.10, 
9.13). The unitarity factor is given by eq. (9.25) We take the following general 
ansatz for the S matrix. 



a b 
c d 




c d 



;io.i3) 



where Xh,v is the crossing parameter in this channel, r] is some parameter, to be 
determined, and Fh^y{9) is an overall function. 
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Evidently, S obeys all the properties listed, except possibly, for crossing and 
unitarity. In particular, the factorization equation, eq. (7), which is a consequence 
of the STE is obeyed by the Boltzmann weights (as long as we keep r]h^v\h,v fixed 
for all h and which will be assumed), which by itself is a consequence of the 
Hexagon identity obeyed by the conformal braiding matrix, eq. (7.13). Unitarity 
and crossing, will be achieved by properly setting the parameters 77/j and the 
functions Ffi^y{9). 

Let us first assume that the field h = v = x is a real field, x = x, and that 
this is a two block case, x"^ = V^i + '*/'2- This applies to all the graph-state models, 
as well as all RCFT with a real fundamental field. Setting in this case, r] = 1 and 
^ — ^x,x — '^p/q, where p and q are some strange integers. We find that unitarity 
and crossing hold provided that the function F{9) — Fx^x{Q) obeys 

F{\-e) = F{e), 

F(0)F(-0) = 1 (10-14) 

' sin[A(l-^)]sin[A(l + ^)]' 

The system of equations (14) can be solved for any rational A/vr giving a universal 
minimal* solution F\{6). Note that for an RCFT, indeed A/vr = ^^^^^ and is 
thus a rational number. To present a closed form solution for F{9) we need to 
distinguish the cases, where q is odd, or q is even. For odd q we find the minimal 
solution, 

F{e)-' = sin[A(l + 9)] ' ^in[A(m - (-1)-^)] 
^' sinAm+ -l"^^ ^ ' 

To write the solution for an even g in a closed form, we define the special function 
H{z) by 



\^ 2m) 2m-l) 

/ ^\2m/-| _ z \2m-l 
V ^ 2'ml V 2m~l) 



m=l 

It can be checked that the terms appearing in this product are of the form 1 + 
a{z)/w? + 0(m~"^), and thus the product converges absolutely for any z which is 



★ The minimality here denotes least number of zero and poles in the strip < Re ^ < 2. 
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not an integer. Thus, the special function H{z) is a holomorphic function, whose 
only poles and zeros in the complex plane are for an integer z. The order of the 
zero at ^ = iV is iV for an even N, and —N for an odd one, with the convention 
that a zero of order —k is a pole of order k. It can be checked that H{z) obeys the 
functional equations, 

H{z)H{-z) = 1, 

H(l-z) f7iz\ (10.17) 

— , , = tan — . 

Now, the function F{9) for A = 27rp/5, even q, becomes 

q-l 

F{e) = H{ne)-^P/'^ Yl sm[X{e - m)](-i)'"^-^'/'?, (10.18) 

m=l 

where the integers Pm are defined by. 




Pm = QSm - '^rn, Sm=<'^ l<m<q-l . (10.19) 



Note that F{9) is a holomorphic function with no branch lines (or 'cuts') with 
poles and zeros only for z = Trm, where m is some integer. 

Note now that we may multiply the minimal solution, eq. (15,18), by any 
solution of the homogeneous equation 



Q{e)Q{-e) = 1, 
Q{e)^Q(x-e), 

and, still, eq. (14) holds. The general solution to eq. (20) is 



(10.20) 



where h is any holomorphic function. Such a solution Q{9) is termed a 'CDD' 
ambiguity, and it needs to be determined, for the full S matrix to be found. 
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The only way to determine, with any confidence, the CDD factor, eq. (21), 
is by some additional physical input. (In the literature, more often than not, this 
is done by trial and error on conjectured S matrices). In particular, we may use 
the soliton bound state content, along with the known masses of the solitons, eq. 
(3.11), to find the poles of F{9) in the physical sheet < ^ < 1. Such poles 
correspond to bound states of the scattered particles, whose mass is 



where M^, My and Mb are the masses of the h and v sohtons, along with their 
bound states, denoted by B. The equation (22), along with the known solitonic 
spectrum, determines all the physical poles in the regime < Re ^ < 1. Further, 
for the fundamental solitons, we expect no higher order poles, as these correspond 
to higher order scattering processes. Thus, we form a complete knowledge of the 
poles in the physical sheet < Re < 1. These are allowed only for Im ^ = 0, 
and then only for the values given by eq. (22). For a unitary theory, the residues 
at the poles must be positive. For non-fundamental solitons, the residues can be 
calculated using diagrams involving the constituent solitons. 

Equipped with this knowledge, we may proceed to determine the suitable func- 
tion h{9) up to such Q{9)^s which have no zero or poles in the physical domain 
< Re 6' < 1. Such Q's are called Z-factors, and will always be assumed to be 
equal to one, unless otherwise specified. 

We may multiply, the solution Fx{9) by the suitable Q{9), in such a way as to 
remove all the poles from the physical sheet. This resulting solution is termed the 
strictly minimal solution. For A = |, the solutions eq. (15) and (18) are strictly 
minimal. For A = where p > 1, we need to use a non-trivial h, which is easily 
found to be of the form. 



where //j are parameters specifying for the location of the poles of Fx{9) on the 



mI^mI + M^- 2MhMy cos (tt^) , 



(10.22) 



h{9)^llsm{Xfii-9), 



(10.23) 
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physical sheet, which come in pairs at /ij and 1 — as follows from the crossing 
symmetry, eq. (4). Thus, at last, determining the complete S matrix. 

For, example, in all sohton theories based on state-graph IRF models, we expect 
no bound states for the fundamental solitons. Hence, the full S matrix is given by 
the strictly minimal solution, eq. (13). 

Now, note that we have chosen the value of 77 = 1. However other values may 
be valid as well. Albeit, these correspond to choices of different RCFT, which have 
the same fusion rules. As explained in sections (4,5), each set of fusion rules lead 
to a number of different RCFT. The parameter 7] can be set equal to one, always, 
provided that we build the Boltzmann weights around all the possible RCFT's with 
the given set of fusion rules. For example, SU{2)s can be replaced by SU{2)^^4^, 
giving two different S matrices, with the same exact solitonic content. Which of all 
these choices correspond to the actual N — 2 supersymmetric field theory we are 
interested in? Usually, one may use charge conjugation, eq. (5), to eliminate all 
choices of the RCFT (for a real particle), by demanding that S is real. However, 
there are some very rare instances where an ambiguity remains, and cannot be 
dispelled without additional physical input. In fact, the Hard hexagon model, 
which is based on the RCFT SU {2)^/ SU (2)1/3, discussed in section (8), example 
(c), has such an ambiguity, since the RCFT SU{2)^/4^/ SU{2)4^/^ equally well leads 
to real Boltzmann weights along with the same fusion rules. The first S matrix 
was proposed in ref. [74], while the other was suggested in ref. [75]. Both are 
correct S matrices, but they correspond to different physical systems. In general, 
these ambiguities can be resolved only with an additional physical input*. 

Let us turn, now, to soliton scattering amplitudes in non-real fusion theories. 
Consider the fundamental soliton of the theory, labeled by the primary field p, and 



7k- In this particular example, both S matrices were suggested to describe the <p2.i perturbation 
of the tri-critical Ising model. It is still not resolved which is the correct one for this specific 
theory, though some support for the S matrix of ref. [75] was reported in ref. [76] . 
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assume for simplicity that this is the two block case, 

V'p = -01 +"02, 

^ (10.24) 

where -01 denotes the respective primary fields, and the product is in the fusion 
ring sense. Now, there are two different crossing parameters we can define, in 
accordance with the theory of section (7). These are 

A = ^. (10.25) 

where Aj denotes, as before, the dimensions of the primary fields. Now, we have 
four different soliton scattering amplitudes, Sp^p, Sp^p, Sp^p and Sp^p to consider. 
These are related via the crossing and charge conjugation, eq. (4,5), to the basic 
amplitude Sp^p but need to obey four different factorization equations, eq. (7). 
Note that for amphtudes involving Sp^p and Sp^p the YBE no longer holds and it 
is modified to a quadratic relation. It follows that the general Hecke ansatz holds 
only for the Sp^p — Spp amplitudes. For Sp^p we adopt the same ansatz as before, 
eq. (13), 




e] = f (») (^) 



e/2 



Wp,p 




rje , (10.26) 



where Safi is the usual toroidal modular matrix, F{6) is the unitarizing factor that 
needs to be determined, and the Boltzmann weight w is given by the usual fusion 
IRF Hecke ansatz, eq. (7.31), 



Wp^p 




sin[A - \e)]5b^c + sin{Xe)H | " ^ | , (10.27) 



and we absorbed the crossing multiplier into the definition of the rapidity. Again, 
we may assume 77 = 1^ is the Hecke algebra element associated to the braiding 



f The reason for it, as before, that different values of 77 correspond to different choices of 
RCFT's which have the same fusion rules, and thus with no loss of generality we may take 
T] = 1, along with choosing a different RCFT. 
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matrix i?p,p, and is defined by equation (7.29). From the discussion of section (7), 
it follows that and consequently also S*, obey the YBE, eq. (7.32). The other 
amplitudes can now be determined by the crossing symmetry, eq. (4), where the 
only new amplitude is Sp^p, due to charge conjugation. Using crossing, we find. 



p,p 




p,p 




i-e 



;i0.28) 



It remains to verify that the modified YBE, eq. (7) holds with this ansatz, and 
that indeed the modular matrix, again corresponds to the crossing multiplier. In 
other words, we need the highly non-trivial modified YBE, 




p,p 



^p,p 




(10.29) 



It can be shown, that indeed, eq. (29) holds with the ansatz eq. (26). The proof, 
which is rather involved, follows from the duality properties of RCFT and will be 
described in the sequel to this paper, ref. [1]. The other modified YBE relations 
follow immediately from eq. (29) and charge conjugation. Note that Sp^p is not 
of the general Hecke ansatz, as it is not a solution of the YBE, but the modified 
relation eq. (29). However, for any number of blocks, it remains of the form eq. 
(9.10), expressed in terms of the same projector operators, albeit with a different 
set of eigenvalue functions /a(^), which can be deduced from the crossing property 
eq. (9.20). More detail will be provided in ref. in [1]. Now, the only remaining 
non-trivial properties that need to be checked is the unitarity, eq. (3), which is 
implemented by a judicious choice of the function F{6). Unitarity holds provided 
that F{e) obeys 

F(l - e)F{l + e)^ [sin A(l - e) sin A(l + e)]~^ 

F{e)F{-9) = sm[X - Xe]-^ sin[A + A^]"^ 



;io.3o) 



This set of equations can be solved for any A and A. It is convenient to parametrize 
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the crossing parameters via the variables n an k, 



X^-IH—, A = ^, (10.31) 

which are arbitrary real numbers, which will be termed the "rank" and the "level", 
respectively. (In RCFT the rank and the level are, of course, always rational). The 
minimal solution to the set of equations (30), can be found in a closed form, as in 
the real case eqs. (15,18), via pole counting. For brevity sake, we omit the detail. 
Alternatively, F{9) may be written as 

F{e)^an{e)fn,k{0). (10.32) 

where fn,k{^) has no poles in the physical sheet, < Re ^ < 1, and is given by the 
expression 

oo 

^ axp (2 / ^ _i^(^f^{eh(fa)ch(„.«/2) - (10.33) 



ch[(n + k- 2)x\ch[nx{u/2 - 1)]}^ , 
where as an{u) is the Koberle Swieca scattering matrix [34], of the type, 

«»(») - (10.34) 

All the poles in the physical sheet are contained in an{u)^ while fn,k{u) has no poles 
or zeros in the physical sheet. Thus in the p-p channel there is a unique bound 
state, whose mass is given by, using eq. (3.11), 

m2 = 2mi cos(— ) = 2m\ cos(^^). (10.35) 

71 \ 

The rest of the amphtudes are found by the fusion procedure of IRF, or the boot- 
strap of the soliton amplitudes as in refs. [55, 56]. 
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Let us exemplify the foregoing discussion with the SU {n)]^ fusion sohton theory. 
The Hecke algebra elements were given in section (8), example (f). The two crossing 
parameters are readily calculated using the dimension formula, eq. (4.22), 



TT ~ Tin 

>^ = ^ = 7T7 TT, 10.36) 

n + k' 2{n + ky ^ ' 



i.e., n is identified with the 'rank' an '/c' with the level, as defined in eq. (31). 
Further, the modular matrix element Sx^o/Sofi is the quantum dimension of the 
representation A, and may be expressed by a quantum Weyl formula (This holds 
for all the groups; see, e.g, [53]), 



5o,o [(/),q)1 



where we defined [x] = sin(^^), the product ranges over all the positive roots 
a, and p is the usual half the sum of the positive roots. At n + k — > oo the 
quantum dimension becomes the usual dimension of the representation A, while 
eq. (37) becomes the usual Weyl's dimension formula. The bound states of the 
theory are the solitons corresponding to the level one (i.e., fully anti-symmetric) 
representations, pt — Xt, t — 1, 2, . . . , n — 1, and where Af are the fundamental 
weights. The masses of the solitons, are given by the usual Koberle-Swieca relation. 



Mt = msin(^^, (10.38) 



where m is the mass scale of the theory. The relevant part of the S matrix, i.e., the 
part that has poles in the physical sheet, which are the analogues of the an{u) piece 
for all the amplitudes, is given by the usual Toda S matrices, see for example 
ref. [57]. Note now that this mass spectrum agrees precisely with the one derived 
from the LG potential, eq. (3.11), for this particular case, where the potential V 
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is given by [8] 

n 

^^E^I'^"' (10-39) 

i=l 

written in terms of the anti-symmetric functions 

xt^ XI (10.40) 

il<i2<...<in 

which correspond to the fully anti-symmetric representations, along with the con- 
straint Xn = 1- Substituting into eq. (3.11), we recover the mass formula eq. (38), 
which was previously conjectured in ref. [29]*. 

The scattering matrices described, in the above SU{n)k example, agree pre- 
cisely with those previously derived in ref. [77] , using the lattice IRF models of ref. 
[7] , where it was suggested to describe the perturbations of the W invariant coset 
model %^^, as perturbed by the operator where $^3'"^^ denotes the highest 
weights of Gfc, Gi and Cfc+i, respectively, using the usual coset notation. Alterna- 
tively the theory can be described as the W algebra symmetric theory, W{An), ref. 
[78]. For /c = 1 all the factors drop, and the S matrix is given just by an{u), and 
thus coincides precisely with the matrices. For any k, the spectrum relevant 
part of the amplitude is given by the k — 1 amplitude, a„(w). The same holds 
for the potentials eq. (2.1), which are described by the very same An scattering 
matrices, for any k, times an 'irrelevant' (i.e., no bound states) IRF piece, which 
depends on k. 

Note that we may build a more general S matrix by choosing the RCFT 
SU{N)i^/p instead (c.f. section (5)). This amounts to replacing (n -|- k) with 
{n + k)/p everywhere, and no other changes. However, for a general p the re- 
sulting amplitudes violate charge conjugation symmetry, as they are complex. 

★ Curiously, this mass spectrum is identical to the one found for the class of potentials, eq. 
(2.1), which was discussed in section (3), Mrs given after eq. (3.11). The reason for this 
coincidence is that the spectrum does not depend on the level k, and for fc = 1 the two 
potentials give the same RCFT field theory, and hence also, the same soliton scattering 
theory (see the example at the end of section (3), and the footnote there). 
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The only allowable values are p = ±1. Albeit, we may use the duality relation 
SU{n)k ~ SU{k)^n, to assume that p = 1 always. (Where the choice p = —1 gives 
the dual amplitudes of SU{k)n', see the footnote after eq. (2.40).) 

Thus, we, indeed, see a one to one correspondence between fusion LG theories 
and their associated scattering matrices, pinning down a unique RCFT with the 
given set of fusion rules, for each such LG theory. The actual S matrices of the 
N = 2 supcrsymmetric theory are a tensor product with a trivial factor, which 
accounts for the doubling of the solitons, and is independent of k. This will be 
reported, in general, in ref. [1]. Examples of such factors, and S matrices, were 
already conjectured in refs. [79, 80, 29]. 

The arguments above can be generalied straightforwardly to the case of more 
than two blocks. The Boltzmann weights are built as described in section (9). The 
only essential modification is in the unitarity equation, which assumes the form, 
(for simplicity, we take the primary field p to be real; the variation for the non-real 

case is analogous, and is omitted for brevity), 

F{v)F{-v) = Yl [sm{Xi - Xv) sin(Ai + A^;)]"^ , 

i (10.41) 

F{v) = F{l-v), 

where i ranges over the primary fields in the product, and where Aj and A are the 
relevant crossing parameters, (given in section (9), eqs. (9.14), where Aj = Q, 
and A = Co is the crossing parameter), and where we have used also eq. (9.24) 
(unitarity). The solution to this set of equations is 

F{v)^llMv), (10.42) 

i 

where the functions fi{v) obey 

Mv)fii-v) = [sin(Ai - Xv) sm{Xi + Xv)]~^ , 
Mv) = Ml-v), 

and can be solved in a closed form, in analogy with eqs. (15,18), for rational 
crossing parameters. 



(10.43) 
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As an example, one finds in this way the scattering matrices associated to 
IRF{SU{2), [2], [2]) which are given by substituting the Boltzmann weights eq. 
(9.27). The unitarity equation, eq. (41), becomes, 

F(v)F(-v) = [sin A(l + v) sin A(l - t;) sin A(2 - v) sin A(2 + v)]-^, 

(10.44) 

F{v) =F(l-w). 

Assuming an odd level, A = 7rp/g, where q is the level of SU (2), and gcd(p, 2q) — 1, 
we find that 

F{v)^h{v)f2{v), (10.45) 

where 

Mv)-' = sin[A(l + .)] ' sin[A(m-(-ir.)] 
^ ^ ^ ^ iia sin[A(m + (-1)-^;)] ^ ' 



(from eq. (15)), along with 

(g-3)/2 



„ / X 1 r, / XT T — r bill A / ^ 1 — — 1 V , ,_. 

/2 ^; -1 = sin A 2 + v TT ^4t7 r-TT — TT- 10.47 

•' ^ ^ ^ ^ -LJ- sin A(m + 1 + (-iV^t; ^ ' 

The reader is urged to complete the case of even g, as an exercise. We expect no 
bound states for this soliton theory. Charge conjugation, for SU{2) implies that 
p = ±1. The solution eqs. (45-47), is then strictly minimal, indicating that there 
are, indeed, no bound states. 

This concludes the description of the general sohton scattering theory, and their 
scattering amplitudes. In particular, we find the S matrices of all the integrable 
N — 2 super symmetric field theories, which are constructed from their correspond- 
ing rational conformal field theories. It is noteworthy that all the known examples 
of soliton scattering theories studied in the literature are of the form eq. (26), 
and conform to this universal expression. Thus, the discussion in this paper gives 
a unified framework for all integrable soliton systems, mapping them uniquely 
to rational conformal field theories. This completes the circle of categorical iso- 
morphisms put forward in the introduction, section (1), for all the four systems 
described there. 
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11. Discussion 



The theme threaded throughout this paper is the interrelationship between 
rational conformal field theories, integrable N — 2 scalar field theories ('Landau 
Ginzburg') and Interaction round the face lattice models. The correspondence 

found here between these three very different physical problems drives us to the 
conclusion that in effect these are equivalent systems and leading, also, to a cross 
fertilization of ideas in these much investigated subjects. 

The first step, in this correspondence, is the realization that fusion rings of 
rational conformal field theories give rise to integrable N = 2 scalar field theory 
models, whose super-potential is the fusion potential of the RCFT. This corre- 
spondence need not be limited to LG theories, but one may simply postulate an 
N — 2 supersymmetric field theory, whose chiral algebra is identical to the fusion 
ring of any given RCFT. The question of whether this fusion ring is described by 
a potential, and thus maps to an A?" = 2 superconformal scalar field theory, then 
becomes only a technical issue. It follows that we can cover all supersymmetric 
integrable models and all RCFT by this picture. The ground state vacua of the 
resulting LG theory are given by the extrema points of the fusion potentials, which 
are labeled by the primary fields. The solitons of the theory interpolate between 
these different primary field vacua. The exact solitonic content may be deduced 
through a calculation of the metric in moduh space. We find that the solitons are 
labeled by some fundamental primary fields, and that the admissibility condition 
of having two vacua connected by a given soliton is whether or not their respective 
fusion coefficient vanishes. Thus we are naturally led to considering integrable 
soliton systems described by the fusion rules of any RCFT. The S matrices of the 
soliton systems are closely related to the Boltzmann weights of fusion interaction 
round the face lattice models. We build the Boltzmann weights from the conformal 
braiding matrix of the RCFT, thus getting a direct hnk between RCFT and fusion 
IRF. 
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The soliton systems S matrices are of the form 



S 



a b 



c d 



u 




(11.1) 



where a,b,c and d are primary fields labehng the vacua, Sa,b is the conformal 
modular matrix and the Boltzmann weights arc built in terms of the conformal 
braiding matrix R as explained in sections (7,8,9). The factor F{u) is needed 
for unitarity, and is determined by the unitarizability property of the Boltzmann 
weights, eq. (10.9). The power part is needed to ensure crossing symmetry of 
the scattering amplitudes. Together, crossing and unitarity, uniquely determine 
the S matrix, including the parameter rj, up to CDD ambiguities, as explained in 
section (10). The actual N = 2 amplitude includes also a tensor with a trivial S 
matrix which comes from supersymmetry. Without this factor, the above minimal 
S matrix corresponds to different physical problems. 

Now, one might ponder the direct relation between the RCFT and its cor- 
responding IRF model. What is, for example, the critical structure of the IRF 
lattice models, and in particular, do the fixed points give back the same RCFT 
we started from? There is a strong indication that this is in fact the case, though 
more study of these new IRF models is required. If so, then we have actually solved 
also the reconstruction 'fantasy' problem of RCFT [52, 62]. Starting only from the 
conformal data on the sphere, we build the IRF model based on the conformal 
braiding matrix. The fixed points of the lattice model then give the full conformal 
field theory realizations of the original data we started from. Thus, going through 
the fusion IRF models, reconstruction of RCFT is no longer a fantasy, but a well 
defined technical procedure. Work along this hues will be reported in ref. [1]. The 
solitons systems described here would then apply to off critical hmits of the RCFT, 
in the appropriate regime in parameter space. 

The fusion IRF construction gives us a novel and powerful way to build inte- 
grable lattice models satisfying the star triangle equation. It turns out that all the 
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known intcgrablc IRF models with second order phase transition point are, in fact, 
fusion IRF theories. We can thus directly apply conformal field theory ideas in the 
solutions of lattice models away from criticality. There is a complete parallelism 
of language and tools here. The bootstrap of soliton systems is identical to the 
fusion of IRF models, which itself is equivalent to the fusion of fields in conformal 
field theory. The sohton creation operators Ka{u) reduce in the critical limit to 
the chiral vertex operators, and so on. 

A number of standing calculations will be reported elsewhere, to further sup- 
port this picture. One is the thermodynamic Bethe ansatz calculation of the soliton 
systems, which will verify that these are indeed the correct soliton systems. An- 
other, is the general metric calculation for fusion superconformal field theories, 
which is another method for deriving the solitonic content. These issues will be 
addressed in the forthcoming publication ref. [1]. 

Finally, we see here a myriad of distinct connections between what has pre- 
viously been thought of as distinct systems. Though there are still some missing 
pieces of the puzzle, we hope that a unified picture of rational two dimensional 
quantum field theory starts to emerge on the canvas. 
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Tiger, Tiger, burning bright 
In the forest of the night 
What immortal hand or eye 
Could frame thy fearful symmetry? 

— William Blake 
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Figure Captions 
(2.1) The Young tableux for the field [n] = [1, 2, 4, 5] = (sj) = (1, 2, 4). 

(7.1) A lattice interaction around the face model. The state variables are a, 6, c, . . ., 
and they obey the admissibility condition a ~ 6, when a and h are on the 
ends of the same link. The Boltzmann weights are associated to the faces, 

(a b 
c d 

(7.2) The pictorial presentation for the star triangle equation (STE), eq. (7.3). 

(7.3) Diagonal to diagonal transfer matrix, T, and its associated face transfer 
matrix, T — Yii Xi (u) . The face transfer matrix element is the Boltzmann 

(7.4) The generators of the braid group, (jj, braid the i'th and {i + l)'th strands. 
They obey eq. (7.9) which is one of the Reidemeister moves, see e.g., [81]. 
A typical braid, along with the action of a, are drawn. The braids can be 

thought of as words in braid group operating on the trivial braid. 

(7.5) The additional braiding relation on the sphere, eq. (11). On the sphere this 
braid is equivalent to the trivial one, around the north pole. 

(7.6) The four point blocks Fp{zi, Z2, zs, Z4) in the s-channel. The external primary 
fields i, j, k and ^ obey N^p > and N^p > 0. 

(7.7) The braiding move on the s-channel blocks, implemented by the matrix C, 
eq. (7.13). 

(7.8) The chiral vertex operator ^s{z)-i where s = (^) is a triplet of primary fields. 

(7.9) The A^-move takes an s-channel block to a t-channel one, and is implemented 
by the matrix Npq ^-^ . 

(8.1) Examples of fusion graphs for some IRE models. 

(10.1) The soliton scattering process (a|n|6) + (&|f |(i) — >■ (ol't'lc) + (c|n|(i). 

(10.2) The pictorial description of the factorization equation. 
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